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A Hecke algebra of level 4 and associated Whittaker functions

By Ehud Moshe Baruch∗) and Soma Purkait∗∗)

(Communicated by Kenji Fukaya, m.j.a., March 12, 2025)

Abstract: In [3], we gave a presentation of the PGL2 Hecke algebra of level 4. We now
use this presentation to describe the finite dimensional representations of the Hecke algebra and
compute the Whittaker function for newforms of level 4.
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Let G = GL2(Q2) and K0(4) be the subgroup
of G defined by

K0(4) =
{[
a b
c d

]
∈ GL2(Z2) : c ∈ 4Z2

}
.

We compute the center of the Hecke algebra
H(G//K0(4)) and use it to describe its finite di-
mensional irreducible representations and compute
the full Whittaker function of the new vector in the
two supercuspidal representations of level 4.

1. Center of Hecke algebra
H(G//K0(4)). For s ∈ Q2 and t ∈ Q×

2 ,
we consider the following elements of G:

x(s) =
(

1 s
0 1

)
, y(s) =

(
1 0
s 1

)
,

d(t) =
(
t 0
0 1

)
, w(t) =

(
0 −1
t 0

)
,

z(t) =
(
t 0
0 t

)
.

We recall the structure of the Hecke alge-
bra H(G//K0(4)), which is a double coset algebra
of complex-valued locally constant compactly sup-
ported functions on G that are K0(4) bi-invariant
with the usual convolution, as described in [3, Sec-
tion 3.4].

By [3, Lemma 3.12], the algebra is supported on
all the double coset representatives of G mod K0(4)
(up to central elements z(t)):

d(2n), w(2n) for n ∈ Z,
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d(2n)y(2) for n ≥ 0, y(2)d(2−n) for n ≥ 1,

and

w(2n)y(2), y(2)w(2n), y(2)w(2n)y(2) for n ≥ 2.

Let Xg ∈ H(G//K0(4)) be the characteristic func-
tion of K0(4)gK0(4) and let

for n ∈ Z , Tn := Xd(2n), Un := Xw(2n),

V := Xy(2), Z := Xz(2),

for n ≥ 1 , Rn := Tn ∗ V, Sn := V ∗ T−n,

for n ≥ 2 , Wn := Un ∗ V, Yn := V ∗ Un,

Zn := V ∗ Un ∗ V.

Then, up to central elements Zn = Xz(2n), the
basis elements of H(G//K0(4)) are precisely Tn, Un

for n ∈ Z, V, Rn, Sn for n ≥ 1 and Wn, Yn, Zn

for n ≥ 2.
Theorem 1 ([3]). The Hecke algebra

H(G//K0(4))/〈Z〉

is generated by U1, U2, V with the defining relations:

U2
1 = 2(1 + V), U2

2 = 1,

U1V = VU1 = U1, U2VU2 = VU2V.

The elements Tn, Un are obtained from U1, U2

([3, Lemma 3.14]). Also we obtain V using the first
relation above, so the generators U1, U2 are sufficient
to describe the algebra. We also note that V2 = 1.

We will next describe the center of the above
algebra. We need some more relations other than
the ones noted in [3, Section 3.4]. These relations
can be derived from the earlier relations ([3, Lemma
3.14, Proposition 3.15]) and observing equalities of
certain double cosets, so we just state them. We also
note that the relations below are modulo 〈Z〉.

doi: 10.3792/pjaa.101.004

c©2025 The Japan Academy

http://dx.doi.org/10.3792/pjaa.101.004


20 E. M. Baruch and S. Purkait [Vol. 101(A),

Lemma 1.1. For n ≥ 1, VTn = Tn and
T−nV = T−n and consequently VRn = Rn, SnV =
Sn. Further for n ≤ 1, Un = UnV = VUn = VUnV.

Lemma 1.2.

For n ≤ 0, U1Un = 2 T−(1−n) + 2 S1−n,

UnU1 = 2 T1−n + 2 R1−n.

For n ≥ 1, U1Tn = 2 Un+1 + 2 Yn+1,

T−nU1 = 2 Un+1 + 2 Wn+1,

U1Rn = 2 Wn+1 + 2 Zn+1,

RnU1 = U1−n,

U1Sn = U1−n,

SnU1 = 2 Yn+1 + 2 Zn+1.

For n ≥ 2, U1Wn = Rn−1,

WnU1 = T1−n,

U1Yn = Tn−1,

YnU1 = Sn−1,

U1Zn = Rn−1,

ZnU1 = Sn−1.

Lemma 1.3.

For n ∈ Z, U2Un = Tn−2,

UnU2 = T2−n.

For n ∈ Z, U2Tn = Un+2,

TnU2 = U2−n.

For n ≥ 1, U2Rn = Wn+2,

RnU2 = Rn,

U2Sn = Sn,

SnU2 = Y2+n.

For n = 2, U2Z2 = Y2,

Z2U2 = W2.

For n ≥ 3, U2Zn = Zn = ZnU2.

For n ≥ 2, U2Wn =

{
V if n = 2
Rn−2 if n ≥ 3,

WnU2 =

{
Z2 if n = 2
Wn if n ≥ 3,

U2Yn =

{
Z2 if n = 2
Yn if n ≥ 3,

YnU2 =

{
V if n = 2
Sn−2 if n ≥ 3.

Theorem 2. The center of the Hecke algebra
H(G//K0(4))/〈Z〉 is non-trivial. In particular, any
element of the center is of the form

Z = α+ δ2V
+

∑
n≥1

(2δn+4 − δn+2)(Tn + T−n + Rn + Sn)

+ δ3U1 +
∑
n≤0

δ4−nUn +
∑
n≥2

δn(Un + Zn)

+
∑
n≥2

(2δn+2 − δn)(Wn + Yn),

where α and δn, n ≥ 2 are any scalars. Thus the
center has at least three linearly independent ele-
ments given by 1, V +U2 +Z2 −W2 −Y2 and (T1 +
T−1 + R1 + S1) − U1 − (U3 + Z3) + (W3 + Y3).

Proof. Let

Z =
∑
n≥0

αnTn +
∑
n≥1

βnT−n +
∑
n≤1

γnUn

+
∑
n≥2

δnUn + λ0V +
∑
n≥1

λnRn

+
∑
n≥1

σnSn +
∑
n≥2

ηnWn +
∑
n≥2

θnYn

+
∑
n≥2

κnZn

be an element of the center of

H(GL2(Q2)//K0(4))/〈Z〉.

Since Z commutes with V, it follows by
Lemma 1.1 that

αn = λn, βn = σn for n ≥ 1,

δn = κn, ηn = θn for n ≥ 2.

Next we use Lemma 1.2 along with Z commut-
ing with U1 to further get that

αn = βn for n ≥ 1, δn + θn = 2γ2−n for n ≥ 2.

Finally we use Lemma 1.3 and commuting rela-
tion of Z with U2 to get the following conditions:

λ0 = δ2, for n ≥ 2, δn + θn = 2γ2−n,

for n ≥ 3, αn−2 = θn, δn = γ4−n.

Note that the first and fourth relations above imply
that δ3 = γ1 and δn + θn = 2δn+2 for n ≥ 2. Using
these relations we get the general form of an element
in the center.

Note that if δn = 0 for all n, we get the trivial
element 1. If α0 = 0 and δ2 = 1 and δn = 0 for
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n ≥ 3 we get the element V + U2 + Z2 − W2 − Y2

and with the choice of scalars α0 = 0, δ2 = 0, δ3 = 1
and δn = 0 for n ≥ 4 we get the element (T1 +T−1 +
R1 + S1) − U1 − (U3 + Z3) + (W3 + Y3).

The following proposition can be easily verified
using the relations:

Proposition 1.4. Let C1 := V + U2 + Z2 −
W2 − Y2. Then

(C1 + 5)(C1 − 1) = 0.

In particular, C1 is an invertible central element.
The central elements (mI + nC1) where

(m,n) = (1
6 ,

−1
6 ), (5

6 ,
1
6 ) are non-trivial idempotents

in the Hecke algebra.
We conjecture that the three linearly indepen-

dent elements 1, C1 = V + U2 + Z2 −W2 − Y2 and
C2 := (T1 +T−1 +R1 +S1)−U1− (U3 +Z3)+(W3 +
Y3) generate the center of the Hecke algebra.

Remark. In [3], we proved the local
Shimura correspondence, i.e., the Hecke alge-
bras of metaplectic group S̃L2(Q2) of level 8
with certain quadratic characters are isomor-
phic to H(GL2(Q2)//K0(4))/〈Z〉. Thus Theo-
rem 2 also gives a description of the center of
H(S̃L2(Q2)//K0(8), χ1).

2. Finite dimensional representations of
H := H(G//K0(4))/〈Z〉. We will from now on
normalize the element U1 by U1/

√
2 and will use the

same notation U1 for it. We will also normalise the
central element C2 by C2/

√
2 and by abuse of no-

tation denote the normalised element by C2 itself.
Thus, we have the following generating relations for
the Hecke algebra:

U2
1 = 1 + V, V2 = 1, U2

2 = 1,

U1V = VU1 = U1, U2VU2 = VU2V.

In particular, U3
1 = 2U1, and the two central ele-

ments in this algebra are given by

C1 = V + U2 + VU2V − U2V − VU2,

C2 = U1U2 + U2U1 + U1U2V + VU2U1 − U1

− U2U1U2 − VU2U1U2V + U2U1U2V
+ VU2U1U2.

Let V be an irreducible finite dimensional represen-
tation of H such that dim(V ) > 1. We first assume
that U1 has a zero eigenvalue in V . That is, there
exists non-zero φ ∈ V such that U1φ = 0. Thus,
(1 + V)φ = U2

1φ = 0, and so Vφ = −φ. If φ is an
eigenvector for U2, then it is a common eigenvector of

H and hence the subspace spanned by φ is a proper
invariant subspace contradicting the irreducibility of
V . Define ψ := U2φ. Then ψ, φ are linearly inde-
pendent and from U2

2 = 1 we get U2(ψ) = φ.
Now,

U2VU2(φ) = U2Vψ, VU2Vφ = −VU2φ = −Vψ
and so from U2VU2 = VU2V we get that

U2Vψ = −Vψ.(1)

To determine Vψ we notice that since C1 is in the
center and since V is irreducible, there exists λ ∈ C
such that C1v = λv for all v ∈ V . In particular,

λφ = C1φ = (V + U2 + VU2V − U2V − VU2)φ

= −φ+ ψ − Vψ + ψ − Vψ,
and so

Vψ = ψ − 1 + λ

2
φ, i.e., U2Vψ = φ− 1 + λ

2
ψ.

(2)

Using (1) and (2) together with the fact that φ and
ψ are linearly independent it follows that λ = 1 and

Vψ = ψ − φ.

We now have two possibilities. Either U1ψ is in the
space spanned by φ and ψ or U1ψ, φ and ψ are lin-
early independent. We shall see that both cases are
possible with the first one leading to two particular
2-dimensional irreducible representations of H and
the second case leading to a one parameter family of
3-dimensional irreducible representations of H.

2.1. 2-dimensional irreducible represen-
tations. We assume that there exist scalars a, b ∈
C such that U1ψ = aψ+ bφ. Since U1φ = 0, we have
U2

1ψ = a2ψ + abφ = (1 + V)ψ = 2ψ − φ. Hence a =
ε
√

2 and b = −ε
√

2
2 with ε = ±1. It is easy to show

that each ε gives a 2-dimensional irreducible repre-
sentation of H, and a different choice of ε gives a
non-isomorphic representation. We denote the rep-
resentation with ε = 1 by V + and the representa-
tion with ε = −1 by V −. We will later show that
these are the only 2-dimensional irreducible repre-
sentations of H.

2.2. 3-dimensional irreducible represen-
tations. We now assume that U1ψ is not in the
space spanned by φ and ψ and define η := U1ψ.
Then

U2
1ψ = U1η = (1 + V)ψ = 2ψ − φ,

U2
1η = U1(2ψ − φ) = 2η = (1 + V)η = η + Vη.
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Hence Vη = η. It remains to find U2η. To do that
we consider the second central element C2. There
exists a scalar λ such that C2φ = λφ. Hence

λφ = (U1U2 + U2U1 + U1U2V + VU2U1 − U1

− U2U1U2 − VU2U1U2V
+ U2U1U2V + VU2U1U2)φ

= η + 0 − η + 0 − 0 − U2η + VU2η − U2η

+ VU2η.

Applying U2 to the above equation we get

λψ = U2(λφ) = −2U2
2η + 2U2VU2η

= −2η + 2VU2Vη
= −2η + 2VU2η.

Now applying V to the above relation we get that
U2η = η + λ

2ψ − λ
2φ. It is easy to check that the

space V = V (λ) = span{φ, ψ, η} with the following
action of H is a representation of H:

U1φ = 0, U1ψ = η, U1η = 2ψ − φ,

Vφ = −φ, Vψ = ψ − φ, Vη = η,

U2φ = ψ, U2ψ = φ, U2η = η +
λ

2
ψ − λ

2
φ.

We now check when V (λ) is irreducible. The eigen-
vectors of U1 in V (λ) are

φ, φ− 2ψ −
√

2η, φ− 2ψ +
√

2η

with eigenvalues 0,
√

2,−
√

2 respectively. A 1-
dimensional invariant subspace of V (λ) must be
spanned by one of these vectors. It cannot be
spanned by φ since φ is not an eigenvector of U2.
The other two vectors are eigenvectors of V corre-
sponding to eigenvalue 1. Further they are eigen-
vectors of U2 with eigenvalue 1 precisely when λ =
3
√

2 and λ = −3
√

2. We now look for 2-dimensional
invariant subspaces of V (λ). Since U1 is diagonal-
izable, such a subspace has to be spanned by two
eigenvectors of U1. It is easy to check that U2 does
not preserve these subspaces and hence there are no
2-dimensional invariant subspaces in V (λ). Hence
we have proved the following theorem:

Theorem 3. Let V be a finite dimensional ir-
reducible representation of H with dim(V ) > 1 such
that V contains an eigenvector of U1 with eigen-
value 0. Then V is isomorphic to exactly one of
V +, V − or V (λ) with λ 	= ±3

√
2, where dim(V +) =

dim(V −) = 2 and dim(V (λ)) = 3. Moreover, V (λ)
is irreducible if and only if λ 	= ±3

√
2.

Theorem 4. Let V be a finite dimensional
irreducible representation of H with dim(V ) > 1.
Then V contains an eigenvector of U1 with eigen-
value 0.

Proof. The proof is by contradiction and uses
similar arguments as in Theorem 3. We skip the
details.

Note that the above two theorems give a com-
plete classification of the irreducible representations
of H.

3. Whittaker functions for new vectors
of level 4. We now determine the complete 2-adic
Whittaker function for a new vector of level 4. By
Atkin and Li [1, Theorem 4.4 (iv) and Remark on
p. 236], we know that the 2-adic representation ap-
pearing in the automorphic representation of a new
form of level 4M where M is odd is supercuspidal.
We now prove that there are exactly two such su-
percuspidal representations the choice of which de-
pends on the sign of the Atkin-Lehner involution on
the form.

If f ∈ S2k(Γ0(4M)) is a new form and an eigen-
form for all Hecke operators Tp where p is prime to
4M , then we have U2(f) = 0 and W4(f) = εf where
U2 and W4 are the Atkin-Lehner operator and in-
volution respectively [1]. If φf is the corresponding
automorphic form on GL2(AQ), it follows from [2,
Proposition 4.1 and Proposition 5.11] that Vφf =
−φf and U2φf = εφf . Since U2

1 = (1 + V) and
U3

1 = 2U1, it follows that U1φf = 0. Hence, φf is
an eigenform of the Hecke operators U1 and U2 with
eigenvalues 0 and ε respectively.

We let Wf = Wφf
be the Whittaker function

attached to f and Wf,2 be the 2-adic component
of this Whittaker function when decomposed into
local Whittaker functions. This function is uniquely
determined up to a constant and it is right invariant
by K0(4).

Let ψ be the usual unramified additive charac-
ter of Q2 such that ψ(t) = −1 if and only if |t| =
2. Also let W(G,ψ)K0(4) be the space of Whittaker
functions which are right invariant by K0(4). The
Hecke algebra H acts on W(G,ψ)K0(4) in the fol-
lowing way: for T ∈ H and W ∈ W(G,ψ)K0(4),

T (W )(g) =
∫

G

W (gh)T (h)dh,

where dh is a Haar measure on G normalized so that
K0(4) has measure one. It follows that Wf,2 satisfies

U1(Wf,2) = 0, U2(Wf,2) = εWf,2



No. 4] A Hecke algebra of level 4 and Whittaker functions 23

where ε = ±1. We now show that these relations
completely determine Wf,2.

Theorem 5. Let W ∈ W(G,ψ)K0(4) be
nonzero and such that

W (zg) = W (g) for z ∈ Z, g ∈ G

and that

U1(W ) = 0, U2(W ) = εW.

Then, up to a normalization by a scalar, W is given
by

W (g) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if g = d(t) with |t| = 1
−1 if g = d(t)y(2) with |t| = 1
ε if g = d(t)w(1) with |t| = 4
0 if g = d(t) with |t| 	= 1 or

g = d(t)y(2) with |t| 	= 1 or
g = d(t)w(1) with |t| 	= 4.

Proof. We first compute U1(W ). Using double
coset decompositions in [2, Lemma 3.13], for g ∈ G,
we have

U1(W )(g) =
∫

K0(4)w(2)K0(4)

W (gh)dh

= W (gw(2)) +W (gx(1)w(2)) = 0.

Hence for all g ∈ G,

W (gw(2)) = −W (gx(1)w(2)).

In particular for g = d(t) we get

W (d(t)w(2)) = −W (d(t)x(1)w(2))

= −W (x(t)d(t)w(2))

= −ψ(t)W (d(t)w(2)).

Since d(t)w(2) = d(t/2)w(1)z(2), we get that

W (d(t/2)w(1)) = −ψ(t)W (d(t/2)w(1)).

Since ψ(t) = −1 if and only if |t| = 2, we get that
W (d(s)w(1)) = 0 if |s| 	= 4.

Taking g = d(t)(w(2))−1 we get that

W (d(t)) = −W (d(t)y(−2)) = −W (d(−t)y(2)).

for all t ∈ Q∗
2.

We now apply U2 to W . For all g ∈ G, we have

U2(W )(g) =
∫

K0(4)w(4)K0(4)

W (gh)dh

=
∫

w(4)K0(4)

W (gh)dh = W (gw(4))

= εW (g).

For g = d(t) we have

W (d(t)w(4)) = εW (d(t)).

Since d(t)w(4) = d(t/4)w(1)z(4), we get that
W (d(t)) = 0 if |t| 	= 1. If |t| = 1, then d(t) ∈ K0(4)
and so W (d(t)) = W (d(1)) = W (1). In particu-
lar, we also get that if |t| = 4, then W (d(t)w(1)) =
εW (1).

Using the Iwasawa decomposition G = BK,
where B is the subgroup of upper triangular ma-
trices and K the maximal compact, and [2, Lemma
3.6],

G = BK0(4)
⋃
Bw(1)K0(4)

⋃
By(2)K0(4).

It now follows that W is identically zero if W (1) = 0
and that the formula in the theorem determines W
completely.
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