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A Hecke algebra of level 4 and associated Whittaker functions

By Ehud Moshe BARUCH*) and Soma PURKAIT**)
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Abstract:

In [3], we gave a presentation of the PGLy Hecke algebra of level 4. We now

use this presentation to describe the finite dimensional representations of the Hecke algebra and
compute the Whittaker function for newforms of level 4.

Key words:

Let G = GL2(Q2) and K((4) be the subgroup
of G defined by

Ko(4){[i Z} € GLy(Zo) : ce4zg}.

We compute the center of the Hecke algebra
H(G//Ky(4)) and use it to describe its finite di-
mensional irreducible representations and compute
the full Whittaker function of the new vector in the
two supercuspidal representations of level 4.

1. Center of Hecke algebra
H(G//Ko(4)). For s € Qy and t € QF,
we consider the following elements of G:

o= (33)- w9 =(11):
a=(g7) w=(7 )
() = (é ?) .

We recall the structure of the Hecke alge-
bra H(G//Ko(4)), which is a double coset algebra
of complex-valued locally constant compactly sup-
ported functions on G that are Ky(4) bi-invariant
with the usual convolution, as described in [3, Sec-
tion 3.4].

By [3, Lemma 3.12], the algebra is supported on
all the double coset representatives of G mod Ky(4)
(up to central elements z(t)):

d(2"), w(2")

~

for n € Z,
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d(2")y(2)
and
w(2™)y(2), y(2)w(2"), y(2)w(2")y(2)

Let X, € H(G//Ko(4)) be the characteristic func-
tion of Ky(4)gKo(4) and let

for n >0,

y(2)d(2™") forn >1,

for n > 2.

forneZ, T,:=Xgon), Un:=Xyen),
Vi=Xy0), 3:=2X, ),

forn>1, R, =T, *V, Sp=Vx*xT_,,

forn>2, Wy i=Up * V), Vn =V xUy,

Z, =VxU, x V.

Then, up to central elements 3" = X (gn), the
basis elements of H(G//Ky(4)) are precisely 7,,, Uy,
forneZ,V, R, S,forn>1andW,, Vn, Zn
for n > 2.

Theorem 1 ([3]). The Hecke algebra

H(G//Ko(4))/(3)
is generated by Uy, Us, V with the defining relations:
Ui =2(1+V), Ui =1,
ULV =VU =U;, UVUs = VUV .

The elements 7,,, U, are obtained from Uy, Us
([3, Lemma 3.14]). Also we obtain V using the first
relation above, so the generators Uy, Us are sufficient
to describe the algebra. We also note that V? = 1.

We will next describe the center of the above
algebra. We need some more relations other than
the ones noted in [3, Section 3.4]. These relations
can be derived from the earlier relations ([3, Lemma
3.14, Proposition 3.15]) and observing equalities of
certain double cosets, so we just state them. We also
note that the relations below are modulo (3).
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Lemma 1.1.
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Forn > 1, VI, = 71, and
7.,V =7, and consequently VR,
Sp. Further forn <1, U, =U,Y = VU, = VU, V.

Lemma 1.2.

Forn <0, Uly=2T_(1_p)+2 81,

Forn > 1,

Forn > 2,

UUr =2 T, +2 Ri_n.
UTy =2 Upy1 +2 Yoy,
Tolhs =2 Ui +2 Wrn,
UiRn =2 Wait +2 Zpin,s

Rty =Ui—p,

U S, =Ui_,,

Sully =2 V1 +2 Znir.
UW, =Rp-1,

Wl = Ty _y,

UrVn =Tp 1

Yolhy = S,

U Z, =R,_1,

Z U = 8,1,

Lemma 1.3.

Forn e Z,

Forn e Z,

Forn>1,

Forn =2,

Forn > 3,

Forn > 2,

Usly, = T2,
Unlho = T3 .
UsTy = Uy 2,
7%L@ ::ub—n~
Us Ry = Wiga,
Rolls = R,
UsS,, = S,
SnZ/{Z - y2+n-
U Zy = Vo,
Zolly = W,
UsZ, = 2, = Zolhs.
o, — {v z:fn =2
Rn—2 ifn =3,
Z, ifn=2
{ ifn >3,
Uy, — {22 z:fn =2
Yo ifn >3,
D2t — {V z:fn =2
Sn_2 ifn>3.

=Ry, SV =
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Theorem 2. The center of the Hecke algebra
H(G//Ko(4))/(3) is non-trivial. In particular, any
element of the center is of the form

Z=a+ 6V
+ ) (20044 = Oni2)(Tn + Top + R + Sn)
n>1
+ 532/[1 + Z 54—nun + Z 5n(un + Zn)
n<0 n>2

Y Wi + Vi),

+ Z 26n+2 -

n>2

where a and 6,, n > 2 are any scalars. Thus the
center has at least three linearly independent ele-
ments given by 1, V+Us + Zo — W — Vs and (T +

T+ Ri+81) —U — Us + Z3) + (W + Vs).
Proof. Let
Z = Z a’IL,];L + Z ﬁnT—n + Z 77LU7L

n>0 n>1 n<1

+ 3 ulhn + AV + D AR,
n>2 n>1

+ D onSn + Y Wa Y 0D
n>1 n>2 n>2

+ Z KnZn,
n>2

be an element of the center of

H(GL2(Q2)//Ko(4))/(3)-

Since Z commutes with V., it follows by
Lemma 1.1 that
Qp = Ap, Bn=o0, forn>1,
Op = Kpn, Nn=2~0, forn>2.

Next we use Lemma 1.2 along with Z commut-
ing with U, to further get that

ap = B forn > 1, Op + 0, = 272, for n > 2.

Finally we use Lemma 1.3 and commuting rela-
tion of Z with Us to get the following conditions:

Ao =09, forn>2, 6, +6,=2v_,,
forn >3, an—2a="=0n, dn ="Y1-n.

Note that the first and fourth relations above imply
that §3 = 1 and d,, + 6,, = 2,42 for n > 2. Using
these relations we get the general form of an element
in the center.

Note that if §,, = 0 for all n, we get the trivial
element 1. If g = 0 and d5 = 1 and §,, = 0 for
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n > 3 we get the element V +Us + Z5 — Wy — Vs
and with the choice of scalars g =0, 60 =0, 63 =1
and 6, = 0 for n > 4 we get the element (77 +7_1 +
Ri+81) —Uy — Uz + Z3) + W3 + Vs). L]

The following proposition can be easily verified
using the relations:

Proposition 1.4. Let C1 :=V +Us + Z5 —
Wy — Vo. Then

(Cy +5)(C1 — 1) = 0.

In particular, C1 is an invertible central element.

The central elements (mI + nCy) where
(m,n) = (§, %), (3, %) are non-trivial idempotents

in the Hecke algebra.

We conjecture that the three linearly indepen-
dent elements 1, C; =V +Us + Z5 — Wo — Vs and
Cy = (T +T-1+R1+81) - U — (Us+ Z3) + (W3 +
YVs3) generate the center of the Hecke algebra.

Remark. In [3], we proved the local
Shimura correspondence, ., the Hecke alge-
bras of metaplectic group SLo(Qgz) of level 8
with certain quadratic characters are isomor-
phic to H(GL2(Q2)//Ko(4))/(3). Thus Theo-
rem 2 also gives a description of the center of
H(SL2(Qs)/ /Ko (®). x)-

2. Finite dimensional representations of
H:=H(G//Ko(4))/{3). We will from now on
normalize the element U by Uy /+/2 and will use the
same notation U; for it. We will also normalise the
central element Cy by Cy/v/2 and by abuse of no-
tation denote the normalised element by Cs itself.
Thus, we have the following generating relations for
the Hecke algebra:

UR=1+V, V=1, UZ=1,
U =VU =Uy, UsVUs = VUV.

ie.,

In particular, U} = 2U;, and the two central ele-
ments in this algebra are given by
Cr =V + Uy + VUV — UV — VU,
Co = UrlUs + Uslhy + UhULY + VUU — Uy
— Ul Uy — VULUIUY + UsU1 UV
+ VUslh Us.
Let V be an irreducible finite dimensional represen-
tation of H such that dim(V) > 1. We first assume
that U; has a zero eigenvalue in V. That is, there
exists non-zero ¢ € V such that U1¢ = 0. Thus,
(1+V)p =UEp =0, and so V¢ = —¢. If ¢ is an

eigenvector for Uy, then it is a common eigenvector of
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H and hence the subspace spanned by ¢ is a proper
invariant subspace contradicting the irreducibility of
V. Define ¥ := Us¢. Then v, ¢ are linearly inde-
pendent and from U3 = 1 we get Uz (1)) = ¢.

Now,

U VU (p) = Us V), VUV = —VUap = =V
and so from UsVUs = VUV we get that
(1) Us V) = =V,

To determine V1) we notice that since C is in the
center and since V is irreducible, there exists A € C
such that Civ = Av for all v € V. In particular,

Ap=Cr¢ = (V+UQ+VZ/{2V—UQV—VUQ)¢
=—0+9Y—V+9 -V,

and so

(2) . \

Vi =) — 1%@ ie., UVy=¢— 1%1/1.
Using (1) and (2) together with the fact that ¢ and
1) are linearly independent it follows that A = 1 and

V=19 —¢.

We now have two possibilities. Either U9 is in the
space spanned by ¢ and ¢ or U;v, ¢ and ¥ are lin-
early independent. We shall see that both cases are
possible with the first one leading to two particular
2-dimensional irreducible representations of H and
the second case leading to a one parameter family of
3-dimensional irreducible representations of H.

2.1. 2-dimensional irreducible represen-
tations. We assume that there exist scalars a,b €
C such that U9 = ap +bg. Since Uy = 0, we have
U = a®p + abp = (1 + V)p = 2 — ¢. Hence a =
€v/2 and b = —6% with e = £+1. It is easy to show
that each € gives a 2-dimensional irreducible repre-
sentation of H, and a different choice of € gives a
non-isomorphic representation. We denote the rep-
resentation with € = 1 by V1 and the representa-
tion with e = —1 by V~. We will later show that
these are the only 2-dimensional irreducible repre-
sentations of H.

2.2. 3-dimensional irreducible represen-
tations. We now assume that U;7) is not in the
space spanned by ¢ and v and define n := Ui.
Then

Uiy =t =1+ V)Y =24 — ¢,
Uin =U (20 — ¢) =2n= 1+ V)n=n+Vn.
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Hence Vn = 7. It remains to find Usn. To do that
we consider the second central element C5. There
exists a scalar A such that Co¢ = A\¢. Hence

Ao = (Unlhs + Usly + ULUY + VUUL — Uy
— UsliUy — VUUL UV

+ UsU1 UV + VUQZ/[1Z/[2)¢
=n+0—-—n+0—0—Un+ VUsnp — Usn
+ V.

Applying Us to the above equation we get
MY = Us(\p) = —2U3n + 2UsVUon)
= —2n+2VUsVn
= =21+ 2VUsn.

Now applying V to the above relation we get that
Um =n+ %¢ — % . It is easy to check that the
space V = V(A) = span{¢, 1, n} with the following
action of H is a representation of H:

ul¢: 07 U1¢ =, uln: 2¢_¢7
V¢:_¢v V¢=¢—¢7 Vn:nv

A A
Usp =, Up = ¢, U277=77+§1/J—§¢~

We now check when V() is irreducible. The eigen-
vectors of Uy in V() are

b, -2 —V2n, ¢—20+V2

with eigenvalues 0,v/2,—/2 respectively. A 1-
dimensional invariant subspace of V(A) must be
spanned by one of these vectors. It cannot be
spanned by ¢ since ¢ is not an eigenvector of Us.
The other two vectors are eigenvectors of V' corre-
sponding to eigenvalue 1. Further they are eigen-
vectors of Us with eigenvalue 1 precisely when \ =
3v/2 and A = —3+v/2. We now look for 2-dimensional
invariant subspaces of V(\). Since U is diagonal-
izable, such a subspace has to be spanned by two
eigenvectors of U;. It is easy to check that Us does
not preserve these subspaces and hence there are no
2-dimensional invariant subspaces in V(A). Hence
we have proved the following theorem:

Theorem 3. LetV be a finite dimensional ir-
reducible representation of H with dim(V') > 1 such
that V contains an eigenvector of Uy with eigen-
value 0. Then V is isomorphic to exactly one of
VT, V= or V(X)) with A # £3v/2, where dim(V 1) =
dim(V~) = 2 and dim(V (X)) = 3. Moreover, V()
is irreducible if and only if X # £3v/2.

[Vol. 101(A),

Theorem 4. Let V be a finite dimensional
irreducible representation of H with dim(V) > 1.
Then V' contains an eigenvector of Uy with eigen-
value 0.

Proof. The proof is by contradiction and uses
similar arguments as in Theorem 3. We skip the
details. ]

Note that the above two theorems give a com-
plete classification of the irreducible representations
of H.

3. Whittaker functions for new vectors
of level 4. We now determine the complete 2-adic
Whittaker function for a new vector of level 4. By
Atkin and Li [1, Theorem 4.4 (iv) and Remark on
p. 236], we know that the 2-adic representation ap-
pearing in the automorphic representation of a new
form of level 4M where M is odd is supercuspidal.
We now prove that there are exactly two such su-
percuspidal representations the choice of which de-
pends on the sign of the Atkin-Lehner involution on
the form.

If f € Sox(Tp(4M)) is a new form and an eigen-
form for all Hecke operators 1}, where p is prime to
4M, then we have Us(f) = 0 and Wy(f) = ef where
Us; and W, are the Atkin-Lehner operator and in-
volution respectively [1]. If ¢¢ is the corresponding
automorphic form on GLy(Agq), it follows from [2,
Proposition 4.1 and Proposition 5.11] that V¢, =
—¢¢ and Usgpy = edy. Since U = (1 + V) and
U3} = 2U,, it follows that Urpy = 0. Hence, ¢y is
an eigenform of the Hecke operators U, and Uy with
eigenvalues 0 and € respectively.

We let Wy = Wy, be the Whittaker function
attached to f and Wy, be the 2-adic component
of this Whittaker function when decomposed into
local Whittaker functions. This function is uniquely
determined up to a constant and it is right invariant
by K() (4)

Let ¥ be the usual unramified additive charac-
ter of Qg such that ¢(¢) = —1 if and only if |¢t| =
2. Also let W(G, )50 be the space of Whittaker
functions which are right invariant by Ky(4). The
Hecke algebra H acts on W(G,¢)50™) in the fol-
lowing way: for 7 € H and W € W(G, y)Ko(4)

T(W)(g) = /G W (gh)T (h)dh,

where dh is a Haar measure on GG normalized so that
K (4) has measure one. It follows that W o satisfies

Ur(Wy2) =0, Us(Wy2) =Wy
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where ¢ = +1. We now show that these relations
completely determine Wy .
Let W € W(G,¢)Ko®)  pe

nonzero and such that
W(zg) =W(g) forze Z,geG
and that

Theorem 5.

L[l(W) = O, MQ(W) =eW.

Then, up to a normalization by a scalar, W is given

1 ifg=d) with|t| =1
=1 ifg=d)y(2) with |t| =1
Wi(g) = if g =d({t)w(1) with |t| = 4
0 ifg=d(t) with|t|#1 or
g =d(t)y(2) with |t| #1 or
g =d(t)w(l) with |t| # 4.

Proof. We first compute U; (W). Using double
coset decompositions in [2, Lemma 3.13], for g € G,
we have

Uy (W)(g) = / W (gh)dh
Ko(4)w(2)Ko(4)

= W{gu(2)) + W(ga(Du(2)) = 0.
Hence for all g € G,

W(gw(2)) = =W (gz(1)w(2)).
In particular for g = d(t) we get
W(d(t)w(2)) = =W(d(t)x(1)w(2))
= —W(z(t)d(t)w(2))
—p(OW (d(t)w(2)).
Since d(t)w(2) = d(t/2)w(1)z(2), we get that

W(d(t/2)w(1)) = =(H)W (d(t/2)w(1)).
Since ¥(t) = —1 if and only if |¢t| = 2, we get that

W(d(s)w(1)) = 0 if [s] # 4.
Taking g = d(¢)(w(2))~* we get that
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W(d(t)) = =W(d(t)y(=2)) = =W (d(=1)y(2)).

for all t € Q3.
We now apply Us to W. For all g € G, we have

U2(W)(g) = W(gh)dh

-/Ko(4)w(4)K0(4)
[ Wighydn=W(gu(n)
(4)Ko(4)

=cW(g).
For g = d(t) we have
W(d(t)w(4)) = eW (d(t)).

Since d(t)w(4) = d(t/4)w(1)z(4), we get that
W(d(t)) = 0if |t| # 1. If |¢| = 1, then d(t) € Ky(4)
and so W(d(t)) = W(d(1)) = W(1). In particu-
lar, we also get that if |t| = 4, then W (d(t)w(1)) =
eW(1).

Using the Iwasawa decomposition G = BK,
where B is the subgroup of upper triangular ma-
trices and K the maximal compact, and [2, Lemma
3.6],

G = BEo(4) | Bw(1)Ko(4) | By(2) Ko(4).

It now follows that W is identically zero if W (1) = 0
and that the formula in the theorem determines W
completely. L]
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