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Abstract. A positive integer n is called a 8-congruent number if there is a triangle with sides
a, b and ¢ for which the angle between a and b is equal to 6 and its area is ny r2 — s2, where 0 <
0 < m,co880 = s/rand0 < |s| < rare relatively prime integers. The case 6 = 7r/2 refers to the
classical congruent numbers. It is known that the problem of classifying 6-congruent numbers
is related to the existence of rational points on the elliptic curve y* = x(x+(r4s)n)(x—(r—s)n).
In this paper, we deal with a variant of the congruent number problem where the cosine of a
fixed angle is i\/§/2.

1. Introduction

A positive integer n is called a congruent number if it is the area of a right triangle with rational
sides. The congruent number problem asks to determine all congruent numbers and is one of
the oldest yet unsolved problems. It is well known that 7 is congruent if and only if the elliptic

3 — n’x has a positive rank. Tunnell [24] in his famous work provided a simple

curve y> = x
criterion for a number to be congruent in terms of ternary quadratic forms. However, his result
relied on the Birch and Swinnerton-Dyer conjecture, which is still unproven. In particular, it
is conjectured that any positive integer n =5, 6 and 7 (mod 8) is congruent; this has been
partially resolved by a recent work of Tian [23].

There are different variants of the congruent number problem in the literature. Fujiwara
[2] and Kan [6] studied the O-congruent number problem for an angle 8 with 0 < 6 < 7 and
rational cosine, while Yoshida [25] considered the special case when 6 = 7/3 or 27/3. For
a nice survey of this and other variants of the congruent number problem, please refer to
Top and Yui [18]. Lario [9] considered the variant of the 8-congruent number problem in
the case where 6 = 7/6. In this case, cos 8 = \/5/ 2 is no longer rational. A positive integer
n is called 77/6-congruent if there exists a triangle with sides a, b\/g and ¢ and angle /6
opposite to the side ¢ and area equal to n\/g, where a, b and ¢ are rational numbers. The
associated 77/6-congruent number elliptic curve is given by C, : y*> = x> 4 6nx> — 3n%x. It
is isogenous to the Mordell curve D,, : y* = x> + n?, which has been studied extensively by
several mathematicians.

In this work, we study the next simple case where cos 0 is not rational; namely, the case
0 = /4 or 37/4. We call a positive integer n 7w/4-congruent if there exists a triangle with
sides a, b\/z and ¢ and angle 7r/4 opposite to the side ¢ with a, b and ¢ positive rationals

2020 Mathematics Subject Classification: Primary 11G05; Secondary 11D45; 11E04; 11F37.
Keywords: elliptic curve; congruent number; rational points.

© 2024 Faculty of Mathematics, Kyushu University



414 J. T. Dimabayao and S. Purkait

and area n. It turns out that n is 77/4-congruent if and only if the elliptic curve E, : y* =

x3 4 2nx? — n’x has infinitely many rational points. This is derived in Section 2. In Section
3, we list some families of 77/4-congruent numbers with arbitrarily many prime factors using
the recent work of Shu and Zhai [15]. We compute cusp forms of half-integer weight that
correspond, via Shimura correspondence, with E;, E_;, E, and E_,. We apply Waldspurger’s
theorem to obtain Tunnell-like results, allowing us to obtain non-examples of 77/4-congruent
primes or double primes. These are presented in Section 4. In Section 5, we use a simple
parametrization of 7r/4-congruent numbers to show that every congruence class modulo a
positive integer contains infinitely many 7r/4-congruent numbers. Finally, in Section 7, we
discuss the relation of 7/4-congruent numbers with tilings of the square. Analogous results
are given for 6 = 37/4.

2. Elliptic curves associated with z/4- and 3z/4-congruent numbers

We first recall our definition given in the introduction.

Definition 2.1. A positive integer n is called 7r/4-congruent if there exists a triangle with sides
a, b\/z and ¢ and angle 7r/4 opposite to the side ¢, where a, b and ¢ are positive rationals and
the area is n.

For example, 2 is 7r/4-congruent as we have the triangle with sides of length 1, 4\/5 and
5, with angle 7z/4 opposite to the side of length 5 and area 2. Another example of a 7z/4-
congruent number is 5, since the triangle with sides of length 7/2, 20\/5/ 7 and 41/14, with
angle 7r/4 opposite to the side of length 41/14, has area 5.

By the cosine formula we see that n is 77/4-congruent if and only if there exist positive
rationals a, b and ¢ such that

2 =a*+2b*>—2ab and 2n = ab. 2.1)
The above system can be written as
2 2 2
c 1 1 1 1
(E) = (Z) +2<5) —2<%) and 2”(%) =1. 2.2)
Thus, n is 7r/4-congruent if and only if there exist positive rationals a, b and ¢ such that

2 =a*+2b*>—2ab and 2nab=1. (2.3)

Note that n is 77/4-congruent if and only if nk? is 7r/4-congruent. We assume henceforth
that n is square-free.

Let E; be the elliptic curve of conductor 128 given by the Weierstrass form: y* = x> +
2x% — x. We have the following equivalent notion of 77/4-congruence in terms of quadratic
twists of E;.

LEMMA 2.1. A square-free positive integer n is 7t/4-congruent if and only if the elliptic curve
E, : y* = x> + 2nx* — n’x has a rational point (x,y) with y # 0.

Proof. Suppose n is /4-congruent. Let a, b and ¢ be positive rationals such that ¢ = a* +
2b% —2ab and 2n = ab. Substitute b = 2n/a in the first equation and multiply by a® to obtain
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(ac)? = (a* — 2n)* + 4n’. In particular, ca + a®> — 2n # 0. Put x = (ac + a* — 2n)/2 and
y = a(ac + a*> — 2n)/2. Then (x, y) is a rational point on E,,, with y # 0.

Conversely, suppose (x, y) is a rational point on E,, with y # 0. Changing the sign of y, if
necessary, we observe that a = (x> + 2nx — n%)/y > 0, b = 2nx/y > 0 and ¢ = (x> + n?)/|y|
satisfy the required relation. O

We can also define the notion of a 377/4-congruent number. A positive integer 7 is said to
be 37/4-congruent if there exists a triangle with sides a, b\/z and ¢ and angle 377/4 opposite
to the side ¢, where a, b and c are positive rationals and the area is »; that is,

2 =a?>+2b>+2ab and 2n=ab. (2.4)
Equivalently, n is 37t/4-congruent if there exist positive rational numbers a, b and ¢ such that
> =a’>+2b*+2ab and 2nab=1. (2.5)

We have the following analogue of the last lemma for the 377/4 case.

LEMMA 2.2. A square-free positive integer n is 37t/4-congruent if and only if the elliptic curve
E_, : y* = x> = 2nx* — n’x has a rational point (x,y) with y # 0.

The elliptic curve E; does not have complex multiplication and has torsion subgroup
Z./27Z over Q. We note the following useful lemma for torsion subgroups of E,,.

LEmMA 2.3. For all non-zero integers n, the Mordell-Weil group E,(Q) of the quadratic
twist E,, has torsion subgroup 7./27.

Proof. The rational 2-torsion subgroup of E, is Z/27Z, so Mazur’s theorem implies that the
torsion subgroup of E,,(Q) is Z/2mZ, where m is either 1, 2, 3, 5 or 6.

The 3-division polynomial of E,, is given by 3x* + 8x® —6x% — 1, which is irreducible over
Q. Thus, E,(Q) has no element of order three. Consequently, the torsion subgroup is neither
Z/6Z nor Z/127.

The 4-division polynomial of E,, is given by x(x? + 1)(x? +2x—1)(x* +4x3 —6x% —4x+ 1),
each factor being irreducible in Q[x]. This only leads to the point (0, 0) of order two and we
have no rational point of order four.

Finally, the 5-division polynomial of E,, is given by 5x!2 +40x!! +2x10 —160x° — 105x% —
720x7 — 660x° +224x° 4+ 515x* —280x> + 5042 + 1, which is irreducible over Q. Thus, E,,(Q)
has no element of order five. This completes the proof. [

The last three lemmas imply the following result.

THEOREM 2.2. A square-free integer n > 1 is 7w/4-congruent (respectively 37 /4-congruent)
if and only if the Mordell-Weil group E,(Q) (respectively E_,(Q)) has positive rank.

3. r/4- and 3x/4-congruent numbers with arbitrarily many prime factors

In this section, we present the consequence of the main result of Shu and Zhai [15] to obtain
examples of 7/4- and 37/4-congruent numbers with arbitrarily many prime factors.
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If C is an elliptic curve over QQ of conductor N, we let f : Xy(N) — C be an optimal
modular parametrization sending the cusp [oo] at infinity to the zero element of C. Note that
f([0]) is a torsion point in C(Q).

We define C’'/Q to be the quotient curve C' = C/C[2](Q). Let (Tor) be the following
condition:

C[2](Q) = C'[2](Q) = Z/27Z.

Thus the fields Q(C[2]) and Q(C’[2]) are quadratic extensions of Q.

A prime ¢ is said to be admissible for C if (¢q,2N) = 1 and ¢ is inert in both the quadratic
fields Q(C[2]) and Q(C’'[2]).

For a prime p > 3 such thatp = 3 (mod 4), we say that p satisfies the Heegner hypothesis
for (C, Q(/=p)) if every prime ¢ dividing N splits in Q(y/=p).

For any odd prime g, put

«_ (=1 )
1 ( q)7

THEOREM 3.1. [15, Theorem 1.2] Let C be an elliptic curve over Q satisfying f([0]) & 2C(Q)
and condition (Tor). Let p > 3 be a prime p =3 (mod 4) satisfying the Heegner hypothesis
for (C, Q(\/—_p)). For any integer r > 0, let qy,...,q, be distinct admissible primes which
are not equal to p, and put M = q --- q. Then we have

ordg—L(Cyy, s) = rankg(Cy) = 0
and
ord,— L(C_p, 5) = rankg(C_,p) = 1,

where C,, denotes the mth quadratic twist of C. Moreover, the Tate—Shafarevich groups
II(Cy/Q) and (C_,p1/Q) are both finite.

We apply the above theorem to the elliptic curve D : y* = x> — 4x + 8x of conduc-
tor 128 with Cremona label 128D1. Note that D(Q) has torsion subgroup Z/27Z, hence for
the modular parametrization f : X,(128) — D, f{[0]) = (0, 0) is a point of order two and so
A0]) & 2D(Q). Also, D' = D/D[2](Q) is the elliptic curve E; : y* = x> + 2x> — x with tor-
sion subgroup Z/27Z. Thus, D satisfies the hypothesis of the theorem.

We have Q(D[2]) = Q(\/—_l) and Q(E;[2]) = (@(\/E). An odd prime ¢ is inert in both
Q(\/E) and Q(\/—_l )ifand only if g = 3 (mod 8). Thatis, any prime ¢ = 3 (mod 8) is admis-
sible for D. Further, any prime p > 3 such thatp = 7 (mod 8) satisfies the Heegner hypothesis
for (D, Q(\/—_p)). Theorem 3.1 and the fact that D and E| are 2-isogenous give the following
result.

COROLLARY 3.1. Let p be a prime withp =7 (mod 8). For any integerr > 0, let q4,. .., q, be
distinct primes which are not equal to p with g; = 3 (mod 8). Put M = (—=1)"q; -+ q,. Then
we have

ords= | L(Eys, s) = rankg(Ey) = 0
and

Ords:lL(E—pM, S) = rankQ(E_pM) =1.
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Consequently, the following hold.

(1) Ifriseven, then gy --- q, is not w/4-congruent.
(2) Ifrisodd, then q -+ q, is not 3w /4-congruent.
(3) Ifriseven, then pqy --- q, is 3m/4-congruent.
@) Ifrisodd, then pqy -+ q, is 7w/4-congruent.

We note one more observation. Stroeker and Top [16] studied a family of elliptic curves
of the form G, : y? = (x + p)(x* + p?) which are quadratic twists of the curve G : y* =
(x + 1)(x? + 1). It turns out that our curve E, is 2-isogenous to G. Using 2-descent, those
authors proved [16, Theorem 1.3] that the rank of G,,(Q) is zero for a prime p = +£3 (mod 8).
Consequently, we have the following corollary.

COROLLARY 3.2. For a prime p = +3 (mod 8), 2p is not w/4-congruent.

4. Application of Waldspurger’s theorem

4.1. Root numbers

The root number W(E/Q) gives information on the parity of the analytic rank of E/Q. We
record the following result about root numbers W(E.,,/Q) for later use. We use Rizzo’s tables
[13] to compute these.

PROPOSITION 4.1. Let E be the elliptic curve y* = x> +2x> —x. For a positive square-free odd
integer n the following hold:

1 ifn=1,3 (mod 8),

W(E,/Q) = WE_,/Q) = {_1 ifn=5,7 (mod 8),

and
1 ifn=3,5 (mod 8),

W(E2,/Q) = =W(E_2,/Q) = {_1 ifn=1,7 (mod 8)

We have the following immediate consequence.

COROLLARY 4.1. Let n > 1 be a square-free odd integer. Suppose the Birch and Swinnerton-
Dyer conjecture holds.

(1) Ifn=5, 7 (mod 8) then n is a w/4- and a 37 /4-congruent number.

(2) Ifn=1, 7 (mod 8) then 2n is a 7w/4-congruent number.

(3) Ifn=3,5 (mod 8) then 2n is a 37w/4-congruent number.

4.2.  Cusp forms of weight 3/2 and Tunnell-like formulae

We use Waldpurger’s theorem to obtain Tunnell-like conditions for a square-free n to be 7/4-
or 37/4-congruent.

We introduce some notation. Let k be an odd integer, kK > 3, and N be a positive integer
such that 4 | N. Let y be a quadratic character modulo N. For a newform (primitive Hecke
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eigenform) F of weight k — 1 and level dividing N/2 and trivial character, let Sy,»(N, x, F)
denote the subspace of Sy/»(N, y) consisting of forms that are Shimura-equivalent to F, i.e.,
the forms f'in Sy />(N, x) that are eigenforms under half-integral-weight Hecke operators 7,
with the same eigenvalues as F under integral-weight Hecke operators T, for almost all odd
primes p coprime to N. Shimura [20] gave the following direct sum decomposition:

StV X) = SN, X) & @D Sk2 NV, x, F),
F

where F runs through all newforms of weight k — 1, level dividing N/2 and character x?,
and the space Sy(, y) is the subspace spanned by single-variable theta series. In [12], the
second author gave a refined definition of the Shimura-equivalent spaces and used it to give an
algorithm to compute these spaces (see [12, Theorem 5 and Corollary 5.2] for more details).

Waldspurger’s theorem relates the critical value of the L-function of the nth quadratic
twist of F to the nth coefficient of modular forms in Sy /> (N, x, F). We state a particular version
of his theorem [19, Corollary 2] below which is sufficient for our purpose.

THEOREM 4.1. (Waldspurger) Let F be a newform of weight k—1, level M and trivial character
andlet 16 | M. Let f(2) = Zf;l a,q" € Sgo(N, x, F) for some N > 1 such that M divides N/2
and let y be a quadratic character modulo N. Let

= xo ()

Suppose that ny and n, are positive square-free integers such that ny/ny € (Q;f)2 for all
p | N. Then we have the following relation:

_1[m\ k-1 - _1fnm\ k=1 -
ol (B} ot = g afro () 5 o

Let Fy € S37V(128, xyiy) be the newform corresponding to the elliptic curve Ej. It has
the following g-expansion:

Fi=qg+2¢ +2¢° —4¢" + ¢° —2¢"" +2¢"3 + 44" — 24" + 24" + 0(¢%).

We also consider the newforms F_; and F_, corresponding to twists E_; and E_,, respec-
tively, each of conductor 128:

F_i=q-2¢@+2¢° +4q¢" + ¢ + 29" +2¢"3 — 44" — 24" — 24" + 0(4*"),
F_r=q+2¢ =24 +4q" + ¢ —2¢"1 —2¢"3 —4¢" —2¢"7 4+ 24'° + 0(¢*").

We compute the Shimura-equivalent spaces S3,,(512, Yyiv, F1), S32(512, Xuiv> F—1),
S3/2(512,(2/n), Fy) and S3,,(512, xyiv, F—>) using the decomposition algorithm [12, Corol-
lary 5.2].

We illustrate the case for S3/2(512, iy, F1)- In this case, using the algorithm it turns out
that

832512, Xivs F1) = 1f € S3/2(512, xriv) = T32(f) = 2f, Ts2(f) = 2f };
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note that T3(F;) = 2F; and T5(F;) = 2F;. Implementing this in MAGMA [1], we get that
S3/2(512, xyiy» F1) is two-dimensional and spanned by f; and f, whose g-expansions are noted
below.

It turns out that for each of the Shimura-equivalent spaces noted above, we can find a
basis that can be expressed in terms of theta series coming from positive definite ternary
quadratic forms. In what follows, 5. s, Stands for the theta series of quadratic form Q =
ax® + by + cz* + ryz + sxz + txy, that is,

)

e[a,h,c,r,s,t] = Z nQ,n)q",

n=0

where r(Q, n) is the number of representations of n by Q.
We obtain the following description of the Shimura-equivalent spaces:
(1)  The space S3/,(512, xyiv» F1) has a basis {fi, >}, where f| and f, are given by the theta
series

1

1
fi= 5(9[1,8,128,0,0,01 —6148,33,0,-4,0)> fo = 5(9[3,5,19,—2,—2,—2] —6[5,6,10,—4,—4,0])

and they have the following g-expansions:

fl =g+ 3q9 + 2q17 + q25 + 2q33 _ 4q41 _ 3q49 + 2q57 _ 86]65 _ 2q73 + 0(6]80),
fZ — q3 _ 3q11 +ql9 + 2q27 +2q35 _q43 _4q51 +q59 _ 3q67 + 3q75 + 0(q80).

(2) The space S3/2(512, ¥uiv» F—1) has a basis {g1, g»}, where g| and g, are given by the
theta series

1 1
81 = 5(6[1,10,26,—4,0,0] - 9[4,9,10,—8,0,—4])’ g = 5(6[3,8,43,0,—2,0] — 6[8’11’12’_4’0,0])
and they have the following g-expansions:

g1 = q_q9_2q17 + q25_2q33 + 46]41 + 5q49_2q57 _ 66]73 _q81 _ 26]89 + 0(6]90),
g = q3 +qll _ 3q19 _2q27 +2q35 _q43 +q59 +q67 + 3q75 +q83 + 0(‘]90)'

(3) The space S3,,(512,(2/n), F1) has a basis {hy, hy}, where h; and h, are given by the
theta series

1 1
h1 = 5(6[128,16,1,0,0,0] - 6[33’16’4’0’4’0]), h2 = 5(6[47,28,7,4,6,20] — 6[28,23,15,10,12,4])
and they have the following g-expansions:

h] =q +q9 + 2q17+ 3q25 _ 2q33 _ 3q49 —66157 +46]65—2C]73—6]81+ 2q89+ 0(q90),
hz — q7 _ q15 _q23 +q39 _ q55 + q63 _ q71 + 2q79 + q87 + 0(990)-

Note that we also have

1
hy = 1(9[7,7,44,—4,—4,—2] = O112,15,15,14,4,41);

this expression will be used in Theorem 4.5.
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(4)  The space S3/5(512, Yyiy> F—7) has a basis {k;, k,}, where k| and k, are given by the
theta series

ky = i(9[3,3,128,0,0,—2] —04,8,35,-8,—4,0), ko = %(9[5,5,44,4,4,2] = 618,12,13,~4,-8,0])
and have the following g-expansions:
kl - 613 + qll + q19 + 2q27 _ 26]35 _ q43 _ 3q59 + q67 _ q75 _ 3q83 + O(q90),
kz — C]S _ q13 _ q29 _q37 +q45 + q53 + qﬁl _ 2q69 + 2q77 + O(q90).
THEOREM 4.2. Let E| be as above and let n be a positive square-free odd integer.

(1) Letf, +V2f := anl a,q". Then

(L(E_,1)\[m)a? ifn=1,3 (mod 8),
0 otherwise.

L(E—n’ 1) = 1
(2) Letg +\2g, := an] b,q". Then

L(En, 1) _ E)L(Ely 1)/\/2)[?,21 lfn = 1, 3 (mOd 8),

otherwise.

(3) Leth; +2\2h, := anl c,q". Then

(L(E_y, D/A[m)c2 ifn=1,7 (mod 8),
0

L(E_,,,1)=
an otherwise.

@) Letk; +V2ky := Y _ d,q". Then

n>1

2
L(Eyy, 1) = (()L(Ee, 1)\/3/\/;)(1” ifn=3,5 (mod8),

otherwise.

Proof. We prove statement (1); the others can be done similarly.

Write fi =2 ,a,q" and f, =3 _, a',q". Applying Theorem 4.1 to f; €
S3/2(512, Xiv. F1) (80 x9 =(—1/-)) and taking ny =n=1 (mod 8) and ny, =1 (so
ny/n, € (Q;)z), we get that

a,%L(Fl ® (_—1) , 1) =afL(F ®(=),1)Vn,
ie.,
forn=1(mod8), aZL(E_;,1)=L(E_,, D\/n.

This gives statement (1) partially.
Similarly, applying Theorem 4.1 to f, and taking ny = n = 3 (mod 8) and n, = 3, we get
that

for n = 3 (mod 8), oc’iL(E_3, 1)\/_ =LE_,, l)ﬁ.
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By a well-known result of Shimura [21], for rational elliptic curves, we know that
L(E_,, 1)/Qf_,, where Qp_denotes the real period of E_,,, is rational. Also, using a change-

of-variables argument we can show that Qr  /Qp_ equals some rational multiple of \/ﬁ We
use MAGMA to compute these rational numbers in particular cases:

Qp, =V3Qu,, LE_,1)/Qp =1/2, LE_31)/Qp =1.
Hence, we get the relation

2L(E_y, 1) = \3L(E_3, 1)

Also, by Proposition 4.1, L(E_,,,1) = 0 forn = 5, 7 (mod 8). Combining the above, we
get statement (1). O

We have the following consequence of the previous theorem.

COROLLARY 4.2. Assume the Birch and Swinnerton-Dyer conjecture.
(1) Ifn=1, 3 (mod 8) then

rank(E_,) >2 < a,=0 and
rank(E,) >2 < b, =0.

2) Ifn=1, 7 (mod 8) then

rank(E_,,) >2 < ¢, =0.
3) Ifn=3, 5 (mod 8) then

rank(E,,) >2 < d, =0.

Proof. We prove the first equivalence in statement (1). If n =1, 3 (mod 8), then Proposi-
tion 4.1 implies that W(E,,/Q) = 1. Hence the analytic rank of E,, is even. By the Birch and
Swinnerton-Dyer conjecture, the (algebraic) rank of E, is even. The desired result follows
from Theorem 4.2(1). The rest can be verified similarly. O]

4.3.  Families of non-m/4- and non-371/4-congruent numbers

For a ternary quadratic form Q and a positive integer m, let r(Q, m) denote the number of rep-
resentations of m by Q (as in the previous subsection) and let R(Q, m) denote the number of
essentially distinct primitive representations of m by the genus of ternary quadratic forms con-
taining Q. In this section, we consider r(Q, p) for certain families of primes p for the quadratic
forms that appeared in the last section. To draw any inference on r(Q, p), we need to consider
the automorphs of Q. We use codes of Gonzalo Tornaria, implemented in SageMath [17],
to obtain all possible automorphs.

THEOREM 4.3. Let p be a prime with p = 1 (mod 8). Write p = a*> + 8b* and suppose that b
is odd. Let a,, b, and c,, be as in Theorem 4.2. Then, the following hold.

(1) a, =2 (mod 4); consequently, L(E_,, 1) # 0 and so p is not 37t/4-congruent.

(2) b, =2 (mod 4); consequently, L(E,, 1) # 0 and so p is not 7/4-congruent.

(3) ¢, =2 (mod 4); consequently, L(E_5,, 1) # 0 and so 2p is not 37/4-congruent.
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Proof. Each part is proved separately.

(1) Let 0y :=11,8,128,0,0,0] and Q, :=[4,8,33,0,—4,0]; these are the forms that
occur in fj.

We first consider r(Qy, p). Since Q is stable under the transformations

(-x5 y; Z) = (i—xa ya Z); (i—x’ _y’ Z)a (ix’ y; _Z) and (ix, _y5 _Z)’
which are all possible transformations of Q;, we have
#{(x,v,2) €Z> : Q1(x,y,2) =pandxyz # 0} =0 (mod 8).

Since Z[v —2] is a principal ideal domain, a and b in the expression for p are uniquely
determined up to units, so

#{(x,y,2) €73 : 0;(x,y,z) =pand z = 0} = 4.
Further, since b is odd, we cannot write p as x% + 12822, hence,
#{(x,y,2) €Z° : 0y(x,y,2) = pand xy = 0} = 0.
Thus, H(Q;,p) =4 (mod 8).
We now look at r(Q,, p). The possible automorphs of Q, are given by
5,2) = (6, £y,2), (=X, £y, =2), (¥ =z, £y, =2) and (=(x = 2), £, 2).

Itis clear that #{(x, y,z) € Z> : Q,(x,y,2) = pandz = 0} = 0. Also, p = Q,(x, y, z) with
y = 0and xz # 01is not possible as otherwise p = 4x>+33z% —4xz = (2x—2z)* +32z2, contrary
to our assumption. It follows that

HQs,p) = #{(x,y,2) €Z3 : Q3(x,y,z2) =pandyz# 0} =0 (mod 8).
Consequently, a, = %(r(Ql,p) —r(Qy,p)) =2 (mod 4).
(2) Let Q3 :=11,10,26,—4,0,0] and Q4 :=[4,9,10,-8,0,—4]; these are the forms
that occur in g;. Observe that if p = 1 (mod 8) and p = Q3(x,y,z), then x isodd and y = 7

(mod 2). Put X=x, Y=(y — 2)/2 and Z = (y + 2)/2. Then p = Q3(x,y,2) = 0'5(X, Y, Z),
where Q'3 = [1, 40,32, —-32,0,0]. The possible automorphs of Q’; are given by

(Xa YsZ) = i(Xs Y7Z)s i(X’ _Ys _Z)’ i(_Xa Y’ Y_ Z) and + (X’ Ys Y_ Z)
Hence,

"(Q3a17) = r(QIS’p) = #{(X,y, Z) € Z3 : QIS(x’y’Z) =p and Xy ;é 0} =0 (mOd 8)’

in the above, x must be non-zero as x is odd and y must be non-zero as otherwise p = x2+3272,
contradicting our assumption on p.

We now consider Q,. Clearly, #{(x,y,z) € Z*> : Q4(x,y,z) = p and y is even} = 0. Sup-
pose that Q4(x,y,z) = p with y odd. If z is odd, then p = Q4(x,y,z) =3 (mod 8), which is
absurd, so z must be even. Put X = x, Y = y and z = 2Z. Then p = Q4(x,y,2) = Q'4(X, Y, Z),
where O’y = [4,9,40,—16, 0, —4]. The possible automorphs of Q’4 are given by

X,Y,2) — +(X,Y,2), +(X=Y,—Y,=Z), +(—X+Z, —Y+2Z,Z) and +(—X+Y—Z, Y=2Z, —7).
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Also, since Q'4(X, Y,0) = Q4(x,y,0) = (2x — y)*> + 8y?, the hypothesis implies that
#{(x,7,2) €27 1 Q4(x,y,0) = p} = 4.

Therefore, (Q4,p) =4 (mod 8). Consequently, b, = %(}"(Qg, p) —r(Q4,p)) =2 (mod 4).

(3) Let Q5 :=[128,16,1,0,0,0] and Q¢ := [33,16,4,0,4,0]; these are the forms that
occur in ;. The possible automorphs of Q¢ are given by

(x,y,2) = +(x,y,2), +(—x,y,—2), +(x,—y,—x — z) and =+ (—x, —y,x + 2).
Also, by the assumption on p, it cannot be written as Qg(x, y, z) with xy = 0. Thus,
"Qg,p) = #{(x,y,2) € Z* : Qg(x,y,2) =pandxy #0}=0 (mod 8).
Next we consider Q5. The possible automorphs of Q5 are given by
(x,y,2) = £(x,y,2), £(x, =y, —2), £(—x,y,—2) and * (=x,-Y,2),
SO

#{(x,y,2) €Z3 1 Os(x,y,z) =pandxyz# 0} =0 (mod 8).

Also, since p = 1 (mod 8), there exist (unique up to units) integers r and s such that p =
52 4 1612 = 05(0, 1, 5), s0

#{(x,y,2) €7 : 0Os5(x,y,z) =pandx = 0} = 4.
Finally by the assumption on p,
#{(x,y,2) €7 : Qs5(x,y,z) = pand yz = 0} = 0.

It follows that r(Qs,p) =4 (mod 8). Therefore, c, = %(r(Q5, p) — 1{Q¢,p)) =2 (mod 4).
O

THEOREM 4.4. Let p be a prime with p = 3 (mod 8). Then by, is odd. Thus, L(E,, 1) # 0 and
50 p is not w/4-congruent.

Proof. Let Q7 :=13,8,43,0,—2,0] and Qg := [8,11,12,—4,0,0]; these are the forms that
occur in g,. The possible automorphs of Q5 are given by

(x,y,2) = £(x,y,2) and * (—x,y,—2),
while those of Qg are given by

(x,y,2) = £(x,y,2) and * (x, =y, —2).
It follows that

#{(x,y,2) €Z3 : Q7(x,y,z2) =pandy #0} =0 (mod 4),
#{(x,y,2) €Z : Qg(x,y,z) =pandx #0} =0 (mod 4).
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Let x and z be integers such that p = Q7(x, 0, z). Letting r = x + z and s = —4z, we find that
p =31 + 2rs + 3s%, with 4 | 5. On the other hand, suppose Y and Z are integers such that
p = 0g(0,Y,Z). Then Y must be odd, and letting u = 2Z — Y and v = 2Y, we find that p =
3u? + 2uv + 3v2, with 2 || v. Now, p = 3 (mod 8) can be uniquely (up to units) written as
p = x* + 2y? with x and y odd. Writing x = a — b and y = a + b, we see that p has a unique
(up to sign) representation as p = 3a* + 2ab + 3b? with ab even. Thus,

0 (mod4) if2] ab,

,0,2) €73 : ,0,2) =p} =
#{(x,0,2) € 07(x,0,2) = p} 12 (mod 4) if4 | ab,

2 (mod4) if2|| ab,

#{(0,y,2) € Z3 : 04(0,y,2) = p} =
(.9 GOXI=PE=00 (oda) ir4 | ab,
Combining these with the observation above gives the desired result. O

THEOREM 4.5. Let p be a prime with p =7 (mod 16). Then the pth coefficient of h, is odd.
Thus, L(E_p, 1) # 0 and so 2p is not 37t/4-congruent.

Proof. LetQqg :=[7,7,44,—4,—4,-2] and Q;( :=[12, 15, 15, 14, 4, 4]; these are the forms
that appear in /,. The possible automorphs of Qg are given by

(x,y,2) » £(x,y,2) and + (—y, —x, —2),
while those of Qy are given by
(x,,2) = x(x,y,2) and + (—x,—2,—).

It follows that both #(Qqg, p) and r(Q;, p) are divisible by 4. Moreover, the classes of Qg and
Qo are the only members of the genus of ternary quadratic forms that contain Qg. Hence,
we get

R(Qg,p) = F(QZ’p) + r(Qilo’p).

By [5, Theorem 86], we have

“4.1

R(Qo,p) = 2~ p(—8p)p,

where #(w) is the number of odd prime factors of w, d is the determinant of the matrix A of Qq,
Q is the greatest common divisor of the two-row minor determinants of A and p depends on
the discriminant. In our case, we have d = 2'!, Q = 2* and p = 1/4. So R(Qy, p) = ih(—8p).
Combining with equation (4.1), we obtain r(Qqg, p) + r1(Q19,p) = h(—8p). So far, the argu-
ment holds for all primes p congruent to 7 modulo 8.

Using [11, Proposition 2] and a further hypothesis that p =7 (mod 16), we get that
h(—8p) = 4 (mod 8). Therefore,

4c’, = 1(Qg,p) — 1(Q10,p) = h(=8p) — 2r(Q10,p) =4 (mod 8),

where ¢’), is the pth coefficient of h;. The result follows. O
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5. The distribution of n/4- and 37/4-congruent numbers

Our aim in this section is to show that if m is a positive integer and a is a non-negative integer,
then there are infinitely many 7r/4-congruent (respectively 37r/4-congruent) numbers of the
form a + md, where d is an integer. Its proof is based on the following observation.

PROPOSITION 5.1. A square-free positive integer n > 1 is w/4-congruent (respectively 37 /4-
congruent) if and only if n is the square-free part of

rs(r? 4 2rs — s?)  (respectively rs(r* — 2rs — 5%)), (GR))
where r and s are relatively prime positive integers.

Proof. We only give the proof for the case of a 7r/4-congruent number, as the proof for the
other case is similar.

The elliptic curve E’,, : ny* = x>+ 2x? — x is Q-isomorphic to E,, with the isomorphism
given by (x,y) — (nx,n?y), for a point (x, y) in E’,,. By Lemma 2.1, n is 7r/4-congruent if and
only if E’,, has a rational point P = (x, y) of order greater than two. Replacing P by P + (0, 0),
if necessary, we may assume that x > 0. Write x = r/s with relatively prime positive integers
rand s. Then the equation

3 2
2 ( N _(f
w?=(5) +2(5) - ()
gives
n(ys®)? = rs(r* + 2rs — s%).
Therefore, n = rs(r? + 2rs — s2) (mod (Q*)3). O

THEOREM 5.1. Let m > 1 be a positive integer and let a be a non-negative integer. Then
the congruence class of a (mod m) contains infinitely many 7w/4-congruent numbers which
are inequivalent modulo squares of rational numbers. A similar statement holds for 37 /4-
congruent numbers.

Proof. We prove the statement for 77/4-congruent numbers; the proof for 377/4-congruent
numbers is analogous. Define the set U = {u € N : u = a (mod m)}. For each u € U, set

r,=um*+1 and s, =um?.

By Proposition 5.1, since r, and s,, are relatively prime, substituting these values into (5.1),
we get the 77/4-congruent number 71, = um?(um? + 1)2u?m* + 4um? + 1) > 1. We may scale
by m? to obtain the 7r/4-congruent number

ny, = u(um? + DQuPm* + 4um? + 1).
Observe that
n,=u=a (modm), foreachu € U.

Suppose that there are only finitely many inequivalent such n, modulo (QX)?, say,
{nu1 My ,nuk}. Since U is infinite, there must exist some 1 < i < k for which there exists
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an infinite subset S of U such that n; = n,, (mod (Q*)?) foreach s € S, i.e., n,ng is an inte-
ger square for each s € S. Thus the algebraic curve

C, : V2 = nui)c()cm2 + Dx*m* + 4xm? + 1)

has infinitely many integer solutions given by (x,y) = (s, y,), where s € S and y, € Z such
thatn, n, = yf.. But this contradicts Siegel’s theorem [22]. Thus, there must be infinitely many
inequivalent n,, modulo (Q*)?. O

The limitation of the previous theorem is that it does not say anything about square-free
values of the binary form f(r,s) = rs(r*> + 2rs — s7) in a residue class modulo m. For most
residue classes, this can be remedied using asymptotic estimates for the distribution of square-
free values of binary forms by Gouvéa and Mazur [3] and Greaves [4], complemented with
the result by Stewart and Top [14].

In the following discussion, we let A, B and M be integers with M > 1. Let F(u,v) be
a homogeneous binary form of degree d > 2 with integer coefficients. Let w be the largest
positive integer such that w? divides F(u, v) for all integers u and v with u = A (mod M) and
v = B (mod M). We consider two counting functions associated with square-free values of
F and recall the asymptotic estimates indicated above. We state versions of these results that
apply to our situation.

Let x be a real number. Let N, (x) denote the number of pairs of integers u# and v with

1<u<x u=A, (modM),
1<v<x v=B, (mod M),

for which F(u,v) is square-free. Let R,(x) denote the number of square-free integers ¢ with
|#| < x for which there exist u = A (mod M) and v = B (mod M) such that F(u,v) = tw?.

THEOREM 5.2. (Gouvéa and Mazur [3], Greaves [4]) Let F(u,v) be an integral binary form
of degree d with non-zero discriminant having no non-trivial fixed square divisors. Suppose
that all the irreducible factors of F over Q are of degree < 5. Then

x2
No(x) =Cx2+ O (—)
logx
where the O constant depends only on F, and C is defined as

1 r(p*)
c.=ﬁ 11 (1— ) (5.2)

4
p: prime p

where r(p*) = (ged(p?, M) p(p?) and p(p*) denotes the number of non-congruent
modulo-p? solutions of F(u,v) = 0 (mod p?) with u,v = A,B (mod gcd(p?, M)).

In the above theorem, F(u, v) having no non-trivial fixed square divisors means that if wy
is the largest positive integer such that wg divides F(u, v) for all integers u and v, then wy = 1.
Thus, it follows from the definition of C that C > 0 if M = 1. If M > 1 then C may vanish.
Gouvéa and Mazur [3, Proposition 5] gave a criterion for non-vanishing of this constant under
the condition that the irreducible factors of F(u, v) have degree < 3. We state their result below
for convenience.
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PROPOSITION 5.2. [3, Proposition 5] Let C,, := 1 —r( P2)/p*. Then we have the following.
(1) The constant C is zero if and only if C, = 0 for some prime number p.
(2)  C, vanishes if p* divides all the coefficients of F(u,v).
(3)  Suppose that p* does not divide all the coefficients of F(u,v) and that p divides M. Then
a necessary and sufficient condition for Cy, to vanish is that either of the following hold:
()  p? divides M and we have restricted to a congruence class, which is a solution of
F(u,v) =0 (mod p?); or
(i) p divides M, M 20 (mod p?), and we have restricted to a congruence class
(ag, by), which represents a singular point of the scheme F(u,v) =0 (mod p).
(4)  Suppose that p* does not divide all the coefficients of F(u, v), and that p does not divide
M. Then C,, is non-zero if p > deg(F).
(5) Suppose that f(u,v) is a homogeneous form of degree three and set F(u,v) = v - u, v).
Suppose further that p does not divide all the coefficients of F(u,v) and that p does not
divide M. Then C, is non-zero.

For the situation of interest to us, we will verify that the constant C is always positive.

THEOREM 5.3. Let m > 1 be a positive integer and let a be an integer such that gcd(a, m)
is square-free. Suppose y € {m/4,37/4}. Then the congruence class of a (mod m) contains
infinitely many square-free y-congruent numbers.

Proof. We prove the result for y = 7r/4. The proof for the case y = 37/4 is similar. Consider
the binary form

fr,s) = rs(r? + 2rs — s2)
and set 7 = um? and s = v. Then
f(r,s) = uwm*@WPm* + 2uvm® —v?).
Thus, the square-free values of the binary form
F(u,v) = w(u?m* 4 2uvm* —v?)

give square-free parts of flr,s) and hence square-free y-congruent numbers. We apply
Theorem 5.2 to the above F withM =m,A =aand B= —1.If u = a (mod m) and v = —1
(mod m) then F(u,v) = u(—v)?> = a (mod m). We claim that F achieves square-free values
infinitely often for u = a (mod m) and v = —1 (mod m).

Observe that F has non-zero discriminant, has no non-trivial fixed square divisors and all
its irreducible factors over QQ are of degree < 2, so by Theorem 5.2,

2
No(x) = Cx% + 0(—) ,
log x

where the constant C is given by (5.2). We now show that C is positive by applying Proposition
5.2.

PutC, :=1—-1( p?)/p*. Note that no prime divides all the coefficients of F(u, v), since
the coefficient of uv? in F(u,v) is —1. This implies that we are not in case (2) of the said
proposition. If p does not divide m, then by statement (5) of the proposition, C,, is non-zero.
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Suppose p divides m. We now appeal to statement (3) of the proposition. If p? divides m then,
since ged(a, m) is square-free, F(a,—1) = a # 0 (mod p?), consequently C, # 0 by state-
ment (3)(i). Suppose ord,(m) = 1. The partial derivative with respect to u of ¥ modulo p,
given by

3

OF ()= = (mod p),
ou

does not vanish at (u, v) = (a, —1). Thus, the point (a, —1) does not represent a singular point
of F(u,v) = 0 (mod p) and so, by statement (3)(ii), C, # 0. By statement (1) of the proposi-
tion, it follows that C is positive.

Consequently, the number of pairs u, v with (1, v) = (a, —1) (mod m) for which F(u,v)
is square-free has positive density. In particular, the number of square-free values of F(u,v)
in the residue class ¢ (mod m) is infinite. So this residue class contains infinitely many 7/4-
congruent numbers. O

6. Two subfamilies of E, of rank > 2

Mestre [10] proved that for a given elliptic curve there are infinitely many quadratic twists of
rank at least two, and Stewart and Top [14, Theorem 3] quantified this result. In this section,
we give two families of E,, of rank > 2.

The first family essentially comes from the work of Stewart and Top. By doing a suitable
transformation, E, can be given by its short Weierstrass form: J : y*> = x> — 3024x + 58752.
Note that 3024 can be expressed by the quadratic form a® +ac +¢* witha = 60 and ¢ = —12.
We now use [14, Theorem 4]. Define

d, = 20332 =8t —2)( + t + 1)(22 — 4t — T)(7> + 10t + 1).

Then J,, : d;y* = x> — 3024x + 58752 has independent points

Y ,_(12t2+120t+48 1 ) and N __(48[2—24t—60 1 )
t 24+l (R +1+1)2 TN 24+l @+ 1)2

over Q(7). It follows from Silverman’s specialization theorem [14, Lemma 1] that Jy, has rank
at least two for all but finitely many rational numbers ¢, while the result of Stewart and Top
implies that, for NV large enough, the number of square-free integers d with |d| < N such that
Jy, and hence E,;, has rank at least two is at least O(N'/*). Observe that d, is positive for almost
all integer values of 7, so there are infinitely many 7/4-congruent numbers n such that E,, has
rank greater than or equal to two.

We now look at another subfamily by considering E; in its original form. Recall that for
a positive integer n of the form n = rs(r> 4+ 2rs — s%), where r and s are positive integers,
the curve E’,, : ny?> = x> 4+ 2x*> — x has a rational (non-torsion) point (r/s, 1/s>) and so the
isomorphic curve E, has a non-torsion rational point.

Let ¢ be an integer such that 7 # 1. Set 7 = » + 1 and s = 2 and define

n, = rs(r* + 2rs — %) = 2(2 + 1 + 62 + 1).
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So the curve E’, has a point P; := ((#* + 1)/2,1/4), and the isomorphic curve E', o has
a point ((2 + 1)/(21%), 1/(41*)) giving another point Q, := ((* + 1)/(2¢%), 1/(4¢3)) on E',.
Observe that P; and Q, are non-torsion points as the torsion subgroup of E’,, is Z/2Z..

Thanks to the specialization theorem, to show the independence of P, and Q;, it is enough
to show the independence of the two points for a particular rational value of z. For t = 2,
n, = 410 and

E, :y* =x +820x* — 168100x.

The points corresponding to P, and Q; are (1025,42025) and (1025/4,42025/8), respectively,
and we verify using MAGMA [1] that these points are linearly independent. Thus, E,, has rank
at least two for all but finitely many rational numbers 7.

Consider the quadratic form F(u,v) = 2u? + v*)(u* + 6u*v> + v*). For ¢ = u/v, the
numbers 1, and F(u, v) are the same up to rational squares and so give the same set of 77/4-
congruent numbers. Note that F(u, v) is a degree-six form with non-zero discriminant and all
its irreducible factors have degree < 4. It is easy to see that F(u, v) has no non-trivial square
divisors. Thus, by Theorem 5.2, the number of pairs (i, v) such that F(u, v) is square-free has
a positive density.

Preliminary computations show that F(u,v) (and its square-free part) does not belong
to all the congruence class modulo m for a given integer m > 1. Nevertheless, we can apply
Stewart and Top [14] to the quadratic form F to obtain the following statement.

COROLLARY 6.1. Let A, B and m be integers with m > 1. There exists a positive constant
x depending on m and F such that, for sufficiently large positive integer N, the number of
square-free integers in [—N, N| of the form F(u,v) (up to some fixed square w?) with u = A
(mod m) and v = B (mod m) is greater than xN'/3. Consequently, there are infinitely many
7 /4-congruent numbers n of the form F(u,v) with u and v as above such that rank(E,,) > 2.

Remark. Given A, B and m, a similar statement holds for 7z/4-congruent numbers of the
form d,, though in this case, as we observed earlier, the order is at least O(N 1/ 4).

7. Tilings of the square with congruent right triangles with condition on the
perpendicular sides

A tiling (or dissection) of a polygon A is a decomposition of A into pairwise non-overlapping
polygons. Recently, Laczkovich [8] established a connection between the dissection of an
equilateral triangle with rational sides into congruent triangles and the 7/3- and 27/3-
congruent number elliptic curves.

THEOREM 7.1. [8, Theorem 1.1] For every positive and square-free integer n the following

are equivalent.

(1)  There is a positive integer k such that an equilateral triangle with rational sides can be
dissected into nk* congruent triangles.

(2)  Eithern < 3, or at least one of the elliptic curves y* = x(x—n)(x+3n) or y* = x(x+n)
(x — 3n) has a rational point with y # 0.
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Note that the condition y> = x(x —n)(x + 3n) or y> = x(x 4 n)(x — 3n) has a rational point
with y # 0 is the same as n is 77/3- or 271/3-congruent [25].

We consider squares with rational sides and relate the study of 7z/4-congruent and 377/4-
congruent numbers with tilings of such squares by congruent triangles. It is known [7, Corol-
lary 3.7] that in every tiling of such squares with congruent triangles, the pieces must be
right triangles with commensurable perpendicular sides. In this note, we call a right trian-
gle almost rational if the perpendicular sides a and b are rational numbers such that a?
+2b% +2ab € Q2.

PROPOSITION 7.1. Let n be a positive square-free odd integer. The following are equivalent.

(1) There is a positive integer k such that a square with rational sides can be dissected into
2nk? congruent almost rational right triangles.

(2) 2nis m/4-congruent or 3m/4-congruent.

Proof. Any square can be obtained from the unit square by performing an appropriate shrink-
ing or stretching transformation, and vice versa. Consequently, a square with rational sides
has a tiling with 2nk? congruent almost rational right triangles if and only if the unit square
has a tiling with 2nk> congruent almost rational right triangles. We assume henceforth that
the square is the unit square.

If the unit square can be dissected into 2nk> congruent almost rational right triangles with
rational sides a and b then there exists a rational number ¢ such that a® + 2b* + 2ab = .
Equivalently we have (ak/2)* 4 2(bk/2)* + 2(ak/2)(bk/2) = (ck/2)?. Comparing the areas of
the square and the tiles we have 1 = abnk® = 4n(ak/2)(bk/2). Thus, 2n is 7r/4-congruent or
37 /4-congruent.

Conversely, suppose 2n is 7r/4-congruent or 37t/4-congruent. Let a and b be positive
rational numbers such that a> 4+ 2b* + 2ab € Q? and 4abn = 1. Clearly, we have ab < 1/4.
Choose an integer ¢ large enough so that the square can be dissected into congruent rectangles
of sides a/t and b/t. One of the diagonals will divide each of these small rectangles into two
congruent right triangles. Since (a/f)* +2(b/f)? + 2ab/1* is still a square of a rational number,
these right triangles are almost rational. If 2N is the number of pieces of these triangles in the
decomposition for the square, then, comparing areas, we find that

I )
N = i 4nt-.

Thus, we are able to obtain a tiling of the square into 817> congruent almost rational right
triangles. O

Corollary 4.1 claims that under the Birch and Swinnerton-Dyer conjecture, an even inte-
ger is either 7r/4-congruent or 377/4-congruent. Thus, we have the following result.

COROLLARY 7.1. Let n be a positive square-free odd integer. If the Birch and Swinnerton-
Dyer conjecture holds, then for a given square with rational sides there is a positive integer
k such that the square can be dissected into 2nk* congruent almost rational right triangles.
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