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ABSTRACT. Let p be an odd prime, and let SL2(Z,) and Ko(p™) denote
the inverse images of SL2(Z,) and the congruence subgroup Ko(p™) in the
metaplectic double cover éf:z((@p). For n > 2, we study the subalgebra of
the genuine Hecke algebra H(éiz (Qp)//Ko(p™), n) consisting of functions
supported in SL2(Z,), where 7 is the genuine extension of either the
trivial or the nontrivial quadratic character modulo p. We give an explicit
basis and a presentation by generators and relations, and prove that this

subalgebra is commutative of dimension 2n. We give the multiplicity-
SLa(Zp)
Ko(p™)
irreducible constituents and their associated Hecke eigenvalues.

This Hecke subalgebra acts on the (Ko(p™),n)-fixed spaces in irre-

free decomposition of Ind 7, determining the dimensions of its

ducible admissible genuine representations of SL2(Qp). We compute its
action explicitly on newvectors of prescribed 7-type in principal series,
Steinberg, even Weil, and supercuspidal representations. For supercuspi-
dal representations, we construct the vectors by compact induction and
use Ishimoto’s conductor and dimension formulas.

Finally, we relate our operator W, _1 to Ishimoto’s local realization
of Ueda’s twisting operator.

1. INTRODUCTION

The theory of modular forms of half-integral weight is closely tied to the
representation theory of the metaplectic double cover of SLs. Shimura’s
correspondence provides the basic bridge from half-integral to integral weight
forms [6], while Kohnen’s plus space and newform theory isolate distinguished
Hecke-stable subspaces on the half-integral-weight side [4, 5]. Ueda extended
this theory to nonsquarefree odd level by introducing twisting operators and
a corresponding decomposition of the Kohnen space |7, 8]. From the local
point of view, these spaces should be reflected in genuine representations and
genuine Hecke algebras of the metaplectic group. This makes it natural to
seek operator-theoretic descriptions of newforms, rather than relying only on
orthogonal complements.

A wuseful model for this approach is the integral-weight work of Baruch
and Purkait [1]. There, generators and relations for local Hecke algebras
on GL2(Z,) are used to characterize local newvectors and, after passage to
classical operators, global newform spaces. In half-integral weight, the same
philosophy was developed in [2, 3]. The paper [2] studies genuine Iwahori-type
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Hecke algebras for the double cover of SL2(Q)) and uses their operators to
characterize the minus-space counterpart to Kohnen’s plus space at level 4 M.
The theory at level 8M in [3] is built from the corresponding 2-adic Hecke
algebras and gives a further minus-space decomposition compatible with
the relevant Shimura—Ueda correspondence. The representation-theoretic
interpretation of the 2-adic theory is also closely related to the work of Loke
and Savin [14]; more generally, unramified genuine representations of covering
groups were studied by Savin [22].

Local newform theory for metaplectic representations has developed in
parallel. Roberts and Schmidt introduced local oldforms and newforms for
genuine representations of the metaplectic group and related the total number
of newforms to the available Whittaker models [20]. For SLq, the conductor
and newform theory of Lansky and Raghuram [13] is particularly useful for the
linear representations underlying compactly induced metaplectic representa-
tions. Manderscheid’s classification of genuine supercuspidal representations
[11, 12|, together with the Kutzko-Sally description on the linear side [10],
supplies the compact types used in the supercuspidal case. Ishimoto has
given explicit conductor formulas and formulas for the dimensions of the
corresponding fixed-type spaces in irreducible genuine representations of the
rank-one metaplectic group, and studied their relation with the local theta
correspondence [16].

The main purpose of the present paper is to continue the Hecke algebra
approach of [1, 2, 3] at higher odd-prime depth. Let p be odd, K = SLy(Z,),
and Ko(p™) the usual congruence subgroup, with n > 2. For a subgroup H C
SLy(Qy), write H for its full inverse image in the metaplectic double cover.
For n the genuine extension to Ky(p™) of either the trivial or the nontrivial
quadratic character modulo p, we determine explicitly the subalgebra

H(K//Ko(p"),n)
of the genuine Hecke algebra consisting of functions supported in K. We
determine its supporting double cosets, generators, relations, and characters,
and prove that it is commutative of dimension 2n. In particular, the oper-
ators Up, V1 and V., together with the combinations ), and W,, make
the structure of the algebra explicit. We determine the multiplicity-free
decomposition of Indg07 7, including the dimensions and Hecke eigenvalues

of its irreducible constituents. The Hecke algebra calculations forming the
core of this paper were undertaken independently of Ishimoto’s work and
arise directly from our earlier operator-theoretic approach.

We work throughout with a fixed quadratic type 7, and hence with the
n-conductor

ey(m) = min{n : VOF")(7) £ 0},

rather than the minimum of ¢, (m) over all admissible characters. This is
the conductor naturally seen by the Hecke subalgebra associated with the
fixed character 7. It is also the appropriate notion for the intended global
application: under adelization, the character 7 is induced by the local p-
component of the nebentypus.

The Hecke subalgebra acts on the (Ky(p™),n)-fixed spaces in irreducible

admissible genuine representations of SLa(Qp). We use Ishimoto’s conductor
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and dimension formulas [16] in our study of the Hecke action on newvectors
of prescribed n-type. We compute the action directly on explicit vectors in
these spaces. For induced representations we write down the relevant isotypic
vectors and compute their Hecke eigenvalues. The reducible principal-series
cases lead to the even Weil and Steinberg representations, where the exact
sequence relating these representations gives the dimensions of the type spaces
and the corresponding operator actions.

For supercuspidal representations, we use Manderscheid’s compact-
induction classification [11, 12| in the explicit form recalled by Ishimoto,
together with his description of the conductor and defect of the inducing
types and his conductor and dimension formulas [16]. Our construction
of newvectors adapts the ideas of Lansky-Raghuram [13, §3.3|] to the
metaplectic setting. We then compute the Hecke action directly on these
vectors by reducing it to explicit operators on the underlying linear inducing
types. This makes explicit the distinction among the unramified packets of
cardinality two and four and the ramified packets.

While this paper was being completed, Ishimoto informed us of his manu-
script Kohnen—Ueda local newforms [17]. His construction is complementary
to ours. Ishimoto defines the operators U2 and R, on the tower of n-
type spaces and uses their kernels and images, together with level-changing
maps, to define Kohnen—Ueda old and new quotients. His supercuspidal
calculations use a transfer to the Kirillov model. By contrast, we study
a finite-dimensional commutative Hecke subalgebra acting within a fixed
(Ko(p™),n)-type, calculate its presentation and characters, and act with its
operators directly on the vectors under consideration; in the supercuspidal
case our construction remains in the compact-induction model.

The relation with Ueda’s classical theory is nevertheless quite concrete.
Ishimoto’s I, is the local unipotent average corresponding, after normaliza-
tion, to Ueda’s quadratic twisting operator. In Section 5 we show that its
restriction to a fixed (Ko(p™),n)-type, followed by a lifted GLa-conjugation,
gives the action of W, _1 up to an explicit scalar; when n is odd, the conju-
gation also interchanges the two quadratic types. This is a comparison of
fixed-type actions, not an equality of the original operators, whose supports
and natural domains are different.

The classical interpretation is one of the principal motivations for the
present local calculations, but we do not pursue the global theory here. In
subsequent work, we plan to formulate and test a global oldform—newform
characterization, beginning with levels 4p™ and 8p™. At the prime 2, we
would use the established Kohnen plus-space operator in the first case and
the 2-adic Hecke operators developed in our earlier work at level 8 M in the
second. At the odd prime p, the classical counterparts of the operators from
our Hecke subalgebra should be compared with Ueda’s twisting decompo-
sition for the prescribed local nebentypus. Although we work over @, in
order to keep this classical application and the normalizations explicit, the
local constructions are expected to extend, with the appropriate changes of
notation and normalization, to non-archimedean local fields of odd residual
characteristic.
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The paper is organized as follows. Section 2 introduces the Hecke subal-
gebra supported in K and determines its double-coset support. Section 3
computes the relations among its generators and the resulting characters and
K-types. Section 4 applies the algebra to local newforms, first for induced
representations, then for special representations, and finally for compactly
induced supercuspidal representations. Section 5 explains the relation among
Ueda’s twisting operator, Ishimoto’s local operator R,, and the operator
Wi, —1 of this paper.

2. A HECKE SUBALGEBRA OF G MODULO Ky(p")

Let p be a prime and put G = SL2(Q,). We write G = §f42((@p) for the
non-trivial central extension of G by pus = {£1}:

1 — o — éfg((@p) — SLy(Qp) — 1
{(I, =1} (9,1 — g

with a group law determined by the following 2-cocycle. Let (-, -)p be the

Hilbert symbol over Q,. For A = <z z> € GL2(Qp), define

(A) = c ?fc#();
d ifc=0

For g = (i Z) € SL2(Qp), set

(¢;d), if cd # 0 and ordy(c) is odd
snl9) = 1 else

For g, h € G, define

oo0(g, h) = < .
Define the 2-cocycle:
c(g,h) = a0(g, h)sp(g)sp(h)sp(gh). (1)
Thus G is the set SL2(Qp) x pe with the group law given by

(g) 61)(h7 62) = (gh7 61620(9, h))
For any subgroup H of SLy(Q)), we shall denote by H the complete inverse

) = (r(gh)7(9), T(gh)r())

image of H in G.

The 2-cocycle ¢ used in the group law above is given by Gelbart; we note
that in some references, for example in Manderscheid [11, 12|, Baruch-Mao
[15, pp. 247-248], and Ishimoto [16], following Kubota, the group law uses
the cocycle og. To distinguish between the two, let G, denote the realization
of the double cover defined by ¢ and let C:’go denote the realization defined
by gg. The two are explicitly isomorphic through

L: éc — 6jaoa L((g,G)) = (9768P(9)>'
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Indeed, the relation (1) gives

t((g,€)(h, €)) = (g, €))e((h, €))-
We henceforth identify G with our c-model G.
Later in Subsection 4.3 and Section 5, we will use the isomorphism ¢ when
comparing results stated in the two cocycle models.
Let K = SLy(Z,). By [9, Proposition 2.8 for odd primes p, G splits over
K. Thus K is a group isomorphic to the direct product K x us. We will
consider the following subgroups of K:

Ko = { (4 0) €5Laz) 5 ez,

3 b n — 3
Kl(p):{<$ d)eSLZ(Zp) cc€p'Zp, a=1 (modp Zp)}.

For brevity we shall write K, := K(p") throughout the paper; the subgroup
K1(p™) will always be written with its argument. For odd primes p, Ko(p")

is isomorphic to Ko(p™) x pg and Ki(p™) is isomorphic to Kq(p™) X pa.

For the rest of the paper we take p to be an odd prime. In this case, by |9,
Corollary 2.13|, the center M), of G is the direct product {+I} x py. Thus a
genuine central character is a character of {£I} X pg that is non-trivial on
the covering-kernel pg factor.

We also fix the Weil-factor conventions used below. For a nontrivial additive
character ¢ of @,, let y(¢’) denote the Weil index of the one-dimensional
quadratic form z — 22 with respect to ¢/. For a € Q) put ¥y (z) = ¢'(ax)
and define the relative Weil factor by

7(¢g)

e ) = (')

We use the following standard identities; see, for example, [21]:
(1) v(ac®,9') = ~(a,¥),

()v(abw) Aa, 'y (b, ) a. )y,
(3) (e ¥) = (@ )p(a, ).
(4) v(-1
(5)

4 ) — )2,
5) v(ac 1/1 ) =(c,¢") for any a € Z; and ¢ € Q such that ord,(c) =
c(¢') (mod 2).
Fix a nontrivial additive character ¥ of conductor 0 and a nontrivial additive
character ¥_ of conductor —1. We put

GP = 7(p) 1/))
The factor €, depends on the fixed additive character 1; we suppress this
dependence in the notation.
We identify Z,/pZ, with F,. Whenever representatives are needed in

p-adic or classical formulas, we use the integers 0,...,p—1,and 1,...,p—1
for F.

Let xp = <7) with x,(0) = 0, and let ,/p denote the positive square root
of p. Since 9 has conductor 0, the map ¢ — 1(t/p) is a well-defined nontrivial
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additive character of F),. Its quadratic Gauss sum has the two equivalent

expressions
ZXP Y(t/p) = ZZZ) ?/p) = epy/D- (2)

telFy z€Fp
The explicit nonarchimedean Weil-index formula gives

VW) =1, ) =p Y (@ /p);

z€lF,
see |21, Theorem A.2(5), Theorem A.3(1)-(2), and Proposition A.11, pp. 366,
369-370]. Since the number of square roots of t € [}, is 1 + x,(¢), summing
first over the values of 2, and using the vanishing of a nontrivial additive-
character sum, proves the first equality in (2). The displayed Weil-index
formulas and the definition of ¢, give the second equality. In particular,
ez = xp(—1). We put

p" = xp(—1)p and choose \/1? = €p\/D.
For the special choice satisfying v (t/p) = e*™*/? for t € Z, one has ep =1
if p=1 (mod 4) and ¢, =7 if p = 3 (mod 4); see |21, Proposition A.9(5)].
These are the values used in [2]. We do not impose this additional normaliza-
tion on % here.
We set up a few more notations. For s € Q), t € Q, let us define the
following elements of SL2(Q)):

s =(p 1) v = (3 ) 0= (1 o) mo=(5 )

We also use the canonical lifts

z(s) = (2(s),1), 9(s) = (y(s),1),

h(t) := (h(t),1), @(t) = (w(t),1).
Let By C G be the standard upper-triangular Borel subgroup. Let N =
{(z(s),€) : s € Qp, € = £1}, N = {(y(s),€) : s € Qp, € = £1} and
T = {(h(t),e) : t € Q), e = £1} be the subgroups of G. Then the normalizer
Ng(T) of T in G consists of elements (h(t),€), (w(t),€) for t € Q, . We also
put B = NT = pr—!(Bp). Thus B denotes the full inverse image of the linear
Borel ﬁo. In the notation of Baruch—Mao, our By is their Bg and our B is
their Bg.

Let n > 2. Following [1], we are interested in the subalgebra of the genuine
Hecke algebra of G' modulo K, with quadratic characters whose elements are
supported on K. We define it below.

Let n be a character of K, such that it is trivial on K;(p"). Since
2) — d (mod p"Z,),
the character 7 is induced by a character of (Z/p"Z)*. We use the same
symbol 7 for its genuine extension to K, defined by n((4,¢)) = en(A)
for A € K,. Recall that a genuine character acts nontrivially on the puo
component.

% = (Zp/p"Zy)*, where the quotient map is (CCL
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Define H,(n) := H(K//K,,n) to be the space of functions f € C>(G)
supported on K and satisfying
f(kgk'y = n(k)n(k') f(3) for § € G, kK € Ky
This is a C-algebra under the usual convolution: for fi, fo € Hy(n),

s folh /f1 VoG dg—/f1 79)f2(51)da,

where dg is the Haar measure on G such that the measure of K, is one.
We take n to be a quadratic character for the rest of the paper. Note that
1 quadratic character of (Z/p"Z)* implies that 7 is either trivial or given by

<5> Let ¢(n) denote the conductor exponent of the underlying character

of Z;: it is 0 for the trivial character and 1 for the nontrivial quadratic
character modulo p. At level n = 0, we take n((k,€)) =€ for k € Ky = K.
Let (m,V) be a smooth genuine representation of G. For every integer
n > c(n), its (K,,n)-fixed space is
VnK" () = {v € V : w(k)v = n(k)v for every k € K, }.

This space is also called the n-isotypic subspace for K, or the (K, n)-isotypic
space. Throughout, the superscript K, refers to the prescribed type under
the full inverse image K,,. We also write 7TK” for VK"( ) when the context
is clear. The n-conductor of 7 is

¢y(m) = min{n > c(n) : Vo (m) # 0},

with ¢, (7) = oo if this set is empty.
For F € Hy,(n) and v € V, define the Hecke action by

r(Fyw = /éF@)w(g)vdg,

using the Haar measure fixed above; compare [14, §3]. By the left equivariance
of F', this operator maps all of V into the fixed-type space:

m(F):V — VWK"(W).
Moreover, m(Fy % Fy) = w(F1)m(F3). Hence VWK" (m) is a left Hy(n)-module.
The same construction applies to the full genuine Hecke algebra H(G/ /Ky, n),
where the support need not lie in K. We write Fv for m(F)v when the

representation is understood. L
If supp(F') = | |; i Ky, then for v € VnK” (7) the normalization vol(K,,) =

gives
F)U = ZF(@)TF(@)U

Indeed, on each right coset the factors n(k)~! from F(g;k) and n(k) from
m(gik)v cancel.
We would like to describe Hy,(n) using generators and relations. From now

on we will write H = H,,(n) when the level and character are understood,
and use the same notation at any other level at which 7 is defined.
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Proposition 2.1. A complete set of double coset representatives of SLa(Zy)
modulo K,, are given by (I,1), (w(1),1), (y(p"),1), (y(Ap"),1) where r runs
from 1 ton —1 and X is a nonsquare modulo p.

The support condition is especially simple for these representatives. Since
the chosen cover splits over K, we identify K with K x s for the following
calculation. If g € K, then the double coset K, (g, 1)K, supports a nonzero
n-biequivariant function if and only if

n(k) = n(g tkg) for every k € K, NgK,g~*. (3)
Indeed, if k& belongs to this intersection, then kg = g(¢~'kg), and the two
applications of biequivariance must give the same value. Conversely, condition
(3) makes the value prescribed at (g, 1) independent of the choice of its left—

right expression. There is no additional cocycle factor, since all the elements
in this calculation lie in the split compact subgroup.

Proposition 2.2. Every double coset listed in Proposition 2.1 supports a
nonzero element of H.

Proof. The assertion is immediate for ¢ = I. Let ¢ = w(1) and let k =
(Z Z) belong to K,, N gK,g . Then both b and ¢ belong to p"Zy, and

—1 o d —C
g kg_(—b a )’

Since ad — be = 1, we have ad = 1 (mod p). Hence n(a) = n(d~') = n(d),
where the last equality uses that 7 is quadratic. Thus (3) holds.

Next let g = y(t), where t = ép” with 6 € Z; and 1 <r <n — 1. For
k= (CCL Z) € K, NgK, g~ !, direct multiplication gives

_1k o a+ bt b
I PI=\ett(d—a)—t2 d—tb)"

Since t € pZ,, its lower-right entry is congruent to d modulo p. The character
7 is either trivial or the quadratic character modulo p, and therefore n(d—tb) =
n(d). This verifies (3) for both square classes 6 = 1 and § = A, and proves
the proposition. O

We denote by Z and Uy the elements of H supported on (I, 1) and (w(1), 1),
respectively, normalized by Z((1,1)) =1 and Up((w(1),1)) =1. For 1 <r <
n—1andaé€ Z;, let V;., denote the normalized Hecke function supported
on K, (y(ap"), 1)K, and satisfying Vy..((y(ap"), 1)) = 1.

The function V, , depends only on the square class of a. Indeed, if a = bs~2
with s € Z, then

(y(ap"),1) = (h(s), 1)(y(bp"), 1)(h(s) ", 1).
The two type-character factors associated with (h(s), 1) and (h(s)~*,1) cancel,
and hence V,., = V.. Consequently, the two possibilities are represented by
Vr,l and Vﬁ)\.
Note that since 7 is a character of %, n(h(u),€) =n(u1e.
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We next compute the relations using the notation K, = Ky(p"™) fixed
above.

We will use the following lemma which easily follows from the definition of
convolution.
Lemma 2.3. Let fi, fo € H such that fi is supported on STS = J;" | &;S =
Uiz, S%: and fo is supported on S§S = J;_, BjS =Uj—, 5’3-. Then

fix fa(h Zflazfz (a;h) = Zflhcs ) f2(;)

where in the first sum the nonzero summgnds are precisely for those i for
which there exist a j such that h € &;8;S while in the second sum the
nonzero summands are precisely for those j for which there exist a i such that
h e S:}/Z(SJ

Proof. We prove the second expression.

f1x fa(h /fl hg) f2(57)dg

We have §—! € S35 if and only if § € (S7S)~* U;l 1 6j LS. Hence

fusfah) =" | fi(h)f2(57") dg
j=1 6]. S

> fi(h;) fa(65)-
=1

. . T ~ ~
The nonzero summands are precisely those for which hd; " € Sz5 = Ui, S%i,

equivalently those j for which there is an ¢ with he S’yigj.
O

In the following lemma we express the double cosets with our coset repre-
sentatives into a union of single cosets.

Lemma 2.4.

(1) KywW)EK, = | 2 w)K,= | Kaw(1)(s).

SELp[p"Lyp SE€Lyp /" Lp
(2) Let A€ Z) and 1 <r <mn—1. Then
Kny(Ap") Ky = U h(w)y(Ap") Ky

UGZ*/ /1 n er
= U Kny(Ap")h(w).
UELE/\/1+p" "Ly

Proof. (1) follows using triangular decomposition of K.
For (2) we use the same idea as [1, Lemmas 3.7, 3.9]. Recall that

(CCL Z) e Ky provided the matrix is in K, and a —d + bp"A € p"~"Z,,.

Any element g of the double coset is of the form z(s)h(u)y(A\p")K, =
h(u)x(u=28)y(A\p")Ky,. Ifr > n/2, x(u=2s) € KY*") and so g is of the



10 EHUD MOSHE BARUCH, MARKOS KARAMERIS, AND SOMA PURKAIT

form h(u)y(Ap")K,. Now h(u) € KO if and only if u? — 1 € p"~"Z,.
Thus g is of the form h(u)y(Ap") K, where u € Z;/\/1+ p"~"Z,. Further,
y(=A\p")h(uruy Dy(\p") € K,y <= ujlug € \/1+ p="Z,, thus the union
is disjoint.

Now assume that 1 < r < n/2. As before, any element g of the double coset
can be written as g = h(u)z(s)y(Ap")k for s € Zy, v a unit and k € K,.
Rewrite g = h(u)h(1 + pv) ~th(1 + pv)x(s)y(A\p")k where v € Z, such that
h(1 4+ pv)x(s) € KY): this is possible by taking v = —W (we
take the square root in 1+ p"Z, so that v € Z,). Thus g is of the form
h(u")y(Ap") K, and we can follow the argument as above.

A similar argument gives the right coset decomposition.
O

Remark. We record a correction to the proof of [1, Lemma 3.9]. This
concerns the integral-weight setting of that paper, where Ky = Ky(p™) C

GL2(Zy) and d(s) = <(S) [1)> Put ¢t = p" and write the diagonal parameter
appearing at the beginning of that proof as sg. The assertion there that
d(1 + tu)z(u) belongs to Kg(t) = y(t)Koy(—t) N Ky is not valid in general.
Instead, set

s=1+ut) e Z,.

Then direct multiplication gives

_ s(1+ ut) su \ _ (1 su
vt = (0 ey 1 ) = (61 ) € Ko

Consequently d(s)z(u)y(t) = y(t)k1 for some k1 € Ko, and hence
g = d(so)d(s) " d(s)z(u)y(t)ko
= d(SoS_l)y(t)klk‘o.
This proves the required coset decomposition; the disjointness argument in
[1, Lemma 3.9] is unchanged.
We note the following simple observation.
Lemma 2.5. We have \/1+ p"Z, = (1+p"Z,) J(=1+p"Zy). In particular

the coset representatives on;/«/l + p'Zy, are given by mo+x1p+- -+ xp_1p L
where o € {1,2,...,(p—1)/2} and z1,...,2,—1 € {0,1,...,p — 1} and so
(8 VTFEy) = B

Proof. Let a € \/1 + p"Zy,. Then a’ e 1+p"Zyp. In particular a = +1 modulo
p. Let a = 1+ 21p+ x9p® + -+ + z,p" with z, € Zy and 1,...,2,—1 €
{0,1,...,p—1}. Then a® = 1+ 2z1p modulo p*Z, which implies that z; = 0.
Continuing this argument, we get that a € 1 + p"Z,. If a = —1 (mod pZ,),
the same argument will imply that a € (=1 + p"'Z,). O

3. RELATIONS

The algebra H = H,(n) = H(K//K,,n), where 7 is a quadratic character

modulo p (either the trivial character or 5 ), has the following 2n basis
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elements:
Z, Uy, Via,---3Va-11, Vixn,e-os Vo1

Here ) is a nonsquare modulo p, and Z is the identity element.

Throughout this section all the matrices occurring in the convolution
calculations belong to K. We therefore use the fixed splitting over K and
identify K with K x us. In particular, products and inverses of the canonical
lifts appearing below introduce no additional cocycle factor.

We will use the following well-known result.

Lemma 3.1. Let p be an odd prime, and let a,b be integers such that p t ab.

Then the number of solutions (x,y) to ax® + by* =1 (mod p) is p — (_T‘Ib
Proposition 3.2. Suppose p =1 (mod 4). Then
-1 -5 . -1, .,
Vr,l * Vr,l = p?pn " 1327"-‘,-1 + prn " 1Vr,1 + prn " 1Vr,)\
-1 . .. -1 . . -5 .
Vr,/\ * Vr,)\ = p?pn " 1y7‘+1 + prn " 1Vr,1 + prn " 1Vr,)\
_ _p—- 1 n—r—1
Vit ¥ Ve = Ve x V1 = P (Vi1 + Ve
Suppose p =3 (mod 4). Then
-3 +1 .,
Vr,l * Vr,l = prn " IVT,I + prn " lvr,)\
+1 , . -3
Vixx Vs = p74 P W+ p74 P
-1 -3
Vea #Via = Ve x Vi = E=p" 10 + 55" (Va4 V).

n—1
Where in both cases Y =T+ > V; with V; =Vj1+Vj\ and YV, =T.
j=r
Proof. Let 0,1 € {1, A}. It follows from Lemmas 2.3 and 2.4 that V, 5%V, , is

supported on those (g,1) € K for which there exist u, v € Zy |1+ P "Ly
such that

(s o) o =

We check this condition for g = I, w(1), y(p?),y(Ap’) with j < r and j > r.

For g = w(1), the condition clearly does not hold for any value of u, v, so no
support.

1

uv)~ 0
pruT (dv 4+ pot) uv) 9 € Kn.

For g = I, the condition becomes v + ué~! =0 (mod p). So if 4 = 4, such
v exists if and only if p =1 (mod 4), while if p # §, such v exists if and only
if p=3 (mod 4).

For g = y(p’¢) with € € {1,A} and j < r the condition becomes uvp’¢ —
pruTt(dv 4+ pv™t) = 0 (mod p?) = wwé — p"IuTH(dv + ) = 0
(mod p"~7) which is obviously never satisfied.

For g = y(p"), the condition is equivalent to u~!(uv)? — §u~tv? =1 (mod p)
by Hensel’s Lemma. By Lemma 3.1, the number of solutions to pu~'z? —
é

Su~ty? = 1 (mod p) equals p — (7

p). For support, we are interested in
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existence of such (z,y) with z,y both units. If 6 = g = 1 then the number
of such (z,y) isp—5if p=1 (mod 4), while it is p — 3 if p =3 (mod 4). If
d = p = X then the number of such (z,y) is p—1if p=1 (mod 4), while it
isp+1if p=3 (mod 4). If u # ¢, then the number of such (z,y) is p — 1 if
p=1 (mod 4), while it is p — 3 if p =3 (mod 4).

For g = y(\p"), the condition is equivalent to Ap~!(uv)? — du~tv?

1
(mod p). By Lemma 3.1, the number of solutions to Au~'z? — du~1y? =1

(mod p) equals p — <¥). As before we are only interested in solutions (x,y)

with z,y both units. If § = g = 1 then the number of such (x,y) is p — 1
if p=1 (mod 4), while it isp+ 1 if p=3 (mod 4). If 6 = g = X then the
number of such (x,y) is p — 5 if p =1 (mod 4), while it is p — 3 if p = 3
(mod 4). If p # §, then the number of such (z,y) isp—1if p=1 (mod 4),
while it is p — 3 if p =3 (mod 4).

For g = y(p’€) with ¢ € {1,A\} and j > r the condition becomes (u?p’~"¢ —
§)v? — = 0 (mod p"~") which has a solution if and only if v + u = 0
(mod p). This implies as before that either 4 = § and p = 1 (mod 4) or
w#dand p=3 (mod 4).

Thus, for p > 7, V, 5%V, 5 is supported on (I,1), (y(p?), 1), (y(Ap?), 1) with
j>rif p=1 (mod 4), while supported on (y(p"),1), (y(A\p"),1) if p =3
(mod 4). On the other hand, for p > 7, V, 5 x V, ,, for § # p, is supported
on (y(p"),1) and (y(Ap"),1) if p=1 (mod 4), while it is supported on (I,1)
and (y(p?),1), (y(\p’),1) with j > 7 if p=3 (mod 4). For p =3, V,1 x V.1
is only supported on (y(Ap”),1), Vyx * Vr» is only supported on (y(p"), 1)
while V, 5 x V, ,, for § # p is supported on (I,1) and (y(p’),1), (y(Ap?), 1)
with j > 7+ 1. For p =5, V.1 *V,1 is supported on (I, 1), (y(Ap"),1) and
on (y(p’),1), (y(Ap?),1) with j > 7+ 1; V., * V., is supported on (I,1),
(y(p"),1) and on (y(p’),1), (y(A\p?),1) with j > r + 1; while V,.5 * V., for
d # p, is supported on (y(p"),1) and (y(Ap"),1). Thus, the support agrees
with the relations in the statement.

Now we compute the values of V, 5 * V., on the coset representatives where
they are supported.

We have
Vrs * Vru((g,1)) = > Vrs((h(u),1)(y(6p"), 1))

ueZy T

Vr((y(=0p"), D (h(u™),1)(g, 1))
= > ")

ueZy T

Vru((y(=0p"), D (h(u™),1)(g,1)).
By the splitting over K,

=) 00 = (g 0) 1)

—op"uTt w
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SO
| U_l 0
Vrva*v"’:#((.% 1)) = Z 77(“ )VT,#(( 75pru—1 ” 71)(971))
uEZ;/\/m
-1
Let g = I and write ky = <—61;)’”u_1 2) We seek A, ko € K,, such that
(k1,1) = (A75 1) (y(up"), 1) (k2, 1).
We find A= (% ) € K, such that y(—pup7) (¢ ° w0 o
¢ “\e d n SUCHERAL YLD ) ¢ g —dp"u"t w
K,, ie.,
au™! — bép u~t bu cK
—p"u"t(pa + dd) + cu~t + p? udbu~!  du "

This boils down to finding a such that a? +§u~! =0 (mod p).
Let 6 = p. If p =3 (mod 4), no such a exist. If p =1 (mod 4), take
a=+/—1,d=1/a, b= c=0. For this choice of A, ks = h(au™"!). Thus,
Ve Veu((1,1)) = > (™) Veu((k1,1))
UEZL [/ 14p" "Ly
= > nu")
uez;;/\/m
Veu((h(1/V=1),1)(y(up"), 1) (h(u™'V/~1), 1))
= > (" )7(u)
UELE [/ 14p "Ly
p—1 n—r—1

= #luezy\[1+pzy =Ly

Let § # p. So 6u~! is a non-square modulo p. If p =1 (mod 4), no such
a exist. If p =3 (mod 4), take a = \/—déu~1, d = 1/a, b = ¢ = 0; in this
case, as before, V.5 % V. ,((1,1)) = pT_lp”_r_l.
Let g = y(Bp") where g € {1, A}. Then,
ul 0

(=) 0 001 = (o
~((rbee- w)1):
Thus,

Vis * Vru((y(Bp"), 1)) = > m(u™")
UELE [/ 1P Ly

Vol (i 2)1))
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ForuEZ*/\/WvPUtv_u B — %) WewantA:<(2 Z)G

K, such that

. u! 0 au~t + bp"v bu
y(_,up )A <_5pru—1 +,Bpru ul * du—up”bu € K,

where
x = —pup” (au™ +bp"v) + cu”! + p'do.
This simplifies to ﬁnding a, u units in Z, such that

5 B u* =1 (mod p™™").
Suppose for some u, we have a solutlon a mod p as above, then we can lift
this to a € Z, and take A = h(a) so that the matrix above becomes h(au™1).
For such u we verify that

u-l
(ratfe — ) ) D = (™) Do) D), 1),

U

and so the contribution from this u in the sum for V, s * V, ,((y(8p"), 1))
would be 7j(u~1)7(a)f(a~ u) which equals 1

So, we need to just count the number of solutions (a, ) with a, u units to the
above congruence modulo p"~". We know however the number of solutions

(mod p) by Lemma 3.1. Since for u there are four possibilities (£a, +u) and
u € Zy /\/1+ pZ,, we will divide by 4 to get the contribution.

The counting is similar to the counting that we did while checking the support,

so we will illustrate it only for one case. By Lemma 3.1, the total number
of (a,u) mod p (not necessarily units) is p — (’;75) Let p = and p = 1
(mod 4). In this case, solutions of the type (£x,0) exists if and only if
u = 6. Also, solutions of the type (0, %) exists if and only if g = §. So, if
B = p = 0, then the total number of solutions (a,u) with both a, u units
equals p—1—4 =p—>5. For each u € Z;/\/l + p"~"Z, however that satisfies

—ka? + §u2 =1 (mod p) we can find a solution a € Zp and thus there are
#{u € 2} /\/1+ p*~"Lp|3a € Zy : —4a? —|— =1 (mod p)} = %pn_”_l
solutions in total. Hence, V,.1 %V, 1((y (pr)7 1)) = %p” Lifp=1 (mod 4).

The other cases follow similarly.
For g = (y(p’B),1) with j > r and B € {1, \} we want that A = (Z Z) €
n such that

(—pp")A w0 N ek

Yy{—up _5pru71 + Bpju U n-

This is equivalent to the condition —ua + (d — up™d)(Bp? "u? — 6) = 0
(mod p"~") which is equivalent to lifting a solution of a? —|—<5,u*1 =0 (mod p).
The rest of the proof now follows as in the case of g = (I,1). O

Proposition 3.3.

p—1 . .
Veu*Vjs =Vjs*x Ve = Tp” J IVT,H, forj >r.
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Proof. Assume j > r, then by Lemmas 2.3 and 2.4, V, , x V;; is sup-
ported on the (g,1) for which there exist u € Z;/\/1 +p""Z, and v €

Z}[\/1 4 p"~IZ, such that
(uv) 1 0

<—pru_1v,u —pl(uw)"6 ww 9 € Kn.
It is obvious then that for ¢ = w(1) there is no support.
For g = y(p'B) we want equivalently uvp’8 — p"u~tvu — p’ (uv) =16 € p"Z,,.
For i # r it is easy to check that this is impossible. For ¢ = r the condition
becomes uvf — u~top — p? 7" (uv) 16 € p"~"Z,. This is equivalent to finding
a solution to u? — 7' =0 (mod p) which exists if and only if 3 = . We
thus calculate the value for g = y(p" ).
As before

Ve x Vis((y(p'p), 1)) = > 7(ut)
wezy ) T
Vs ((y(=p" wh(uy(p" ), 1)).

b) € K, such that

d
y(—&ﬂy4( u! O> € K
pp"(u—ut) "
A direct multiplication shows that this is equivalent to
p(d—p'bd)(u —ut) —6p' Taut € pVTL,.

Thus necessarily u — u~' = p/~"¢ with ¢ € Z, . Taking b = 0 and using
ad = 1, the remaining congruence is

pd*Cu =46 (mod p™ 7).

Hence, writing ¢ = (u — u™')/p’~", the contribution is

(eZ ueﬁg )}

We want A = <CCL

Vi 5 Vs (@ 1),1)) = {u e Z:)\ /11,

_ P 1 n—j—1
From the second part of Lemma 2.3,
Vio * Vru((y(p"n),1)) = > m(ut)
WELS /14" Ly

Vis((y(" wh(w)y(=p"u), 1))
= Ve * Vjis(y(p"p), 1))

Proposition 3.4. If n =1 then with notation as before
Uy * Uy = p" V1 +p"H(p — 1o

Ifn#1 then
Uy x Uy = n(—1)p" ).
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Proof. By Lemmas 2.3 and 2.4,
Uy =Uo((g, 1) = > Uo((a(s), D(w(1),1))

SELp [P Ly

Un(w(=D), Dlal=s), (g, 1)
= Y wi(] L) e

SEZLy [P Ly

where the support of Uy * Uy is on those (g,1) for which there exist s,t € Z,
such that y(t)z(—s)g € K. It is easy to check that for ¢ = I, w(1), y(5p")
some such s, t exist.

Let g = I. Note that (<(1) :i) 1) = (w(l),l)(<_01 _81> ,1). Hence,
Uy *Up((1,1)) = p"n(-1).

Let ¢ = w(1l). Then (<(1) :i),l)(g,l) = (y(s),1). To compute

Uy Uy at (w(1),1), for s € Zy/p"Z,, we want b) € K, such that

d
a b —c—ds —d R
w(—1) (c d> y(s) = ( atbs b > € Kp. Clearly s must be in Z; and
for such s, choosing a =d =1,c=0,b = —1/s, the above matrix becomes

-s -1
(0 _1/5). Then
U *Z/[O((w(l),l)) = Z Z/{O((y(s)vl))

SELy /P Ly

- ¥ w(eumoeon((y ) 0)

SELp [p" Ly
(s:p)=1

pt—=p", n=1,

= Z 17(—1/5):{ e
< 0 1=(3)-
s,p)=

Let g = y(Bp") where 5 € {1, A}. Then
(5 =) wen=(, =, )

Doing computations as above, we find that

U+ Uo((y(Bp), ) = > (1 7 ) 1))

SEZLyp /P Ly
() )
1—-Bprs )’
= ; Uo (w(1),1)
SELyp [P Ly —(1-Bp"s s
P (( (1 Oﬁp )—1/(1—61)7'8)) ’1>
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- ¥ i)

SE€Lp [P Lp
=p"n(-1).

Proposition 3.5. Let 6 € {1, \}. Then

p—1
2
Proof. We use Lemmas 2.3 and 2.4. For Uy * V, 5, we use the first ex-
pression in Lemma 2.3 while for Vs * Uy, we use the second sum. For

0 —t1 .
* r\\—1 _
8 € Zp,t € Zy, note that (x(s)w(1)h(t)y(ép"))™" = <t Sprt—t — ts) while

re_¢—1e
(y(5p"Yh()w(1)a(s)) ! = <5p tt_lt s 0t>. It follows that Up * V,.5 and

Uy * Vy 5 = P WUy = Vs * Up.

Vrs ¥ Up are only supported on (w(1),1).
We first compute Uy * V. 5((w(1),1)). For s € Z/p"7Z,, we want <CCL Z> €

K, such that y(—dp") <CCL Z) y(s) € K. So, we must have (d — 0p"b)s —

dp"a =0 (mod p™). So, s must be of the form p"u where u is a unit such
that u/d is a square modulo p. Note that there are %p”‘r_l such s in

20" L,.
For each such s = p"u, take a = \/u/d, d=1/a, b =c=0. Then,

Up * Vrs((w(1), 1) = Y Up((a(s) 1)(w(1),1))

SEZLy /P Ly
Vrs((w(=1), 1) (z(=s), 1) (w(1),1))
= ) Veally(s), 1)

SELp [p"Lyp
= > V(o). ) (w(0p), 1)
SELp [p" Ly

s=p"u: (%&) =1

We also have however

Vig #Up((w(1), 1)) = Y Vys((w(1), 1)(z(=s), 1)(w(-1), 1))

SELp [P Ly

Uo((w(1), 1)(x(s), 1))
= Y Vsllyl=s), 1)) = B,

2
SELp [P Ly

where the last equality follows as before.
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Theorem 1. The algebra H(K//K,,n) is a 2n-dimensional commutative
algebra with generators {Z, Uy, Vi1, Vir} with1l <i < n—1 where (%) =-1
and relations given by Propositions 3.2, 3.3, 3.4, 3.5.
Define W, := V1 — V;.x. It follows from Propositions 3.2, 3.3, 3.4 and 3.5
that
Corollary 3.6. (1) VE=(p—2)p" "W+ (p—1)p" "1V 41,
(2) VVj = (p—1)p" "WV, = V;V, wherer < j.
() W2 = (31) P U = DIrss = V).
(4) WiW; =0 for every r # j.
(5) VW = WV = —p" "I W,
0 if r<j
P =Wy dfr >
(7) UpVy = p" " H(p — 1o = Vilho.
(8) UpWy = 0 = W, Up.
(9) Forn=1,U5 = p"Y1+p" " (p—1)Uo; forn = (;) Ug =n(=1)p" M.
(10) With p* = (%) p as fized in Section 2, the terminal operator satisfies
W3_| = p"Wh_1; equivalently, it satisfies X (X? — p*) = 0.

(6) VW =W;V, = {

Indeed, at the terminal index » = n — 1, we have V,, = 7 and V,_1 =
Z + Vp—1; hence parts (3) and (5) give

-1
Wg—l = (p) (pI— yn—l)a Yn-1Wn-1=0.

Multiplying the first identity by W,_1 proves part (10).

Corollary 3.7. The algebra H(K//K,,n) is a 2n-dimensional commutative
algebra with generators T,Uy, Ve, Wy for 1 <r <n — 1, and relations given
by Proposition 3.4 and Corollary 3.6.

It follows from the above corollary that
VY =p" Y = ViV, Vi,
Moyr:pn_ru():y?"u(% vre{lr"?n_l}v

p" Wy, ifr > g,
TW' = W r =
IV = Wi {0, if r < j,

WiW, =0 for any r # j,
Willp =UW, =0 Vre{l,...,n—1},

1
wwz<p)ﬁH*@%H—%x

Uy =p"Vi+p" o= Dy ifn=1, Uy =n(-1)p"V ifn= <p> .

Remark 1. The elements YV, admit an_averaging interpretation. For1l<
r < n, the character n extends from K, to K, by the same formula as in
Section 2, since its underlying character factors modulo p. The double cosets
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K, and K,(y(6p?), 1)Ky, withr < j <n—1 and § € {1,\}, partition K,.
At each chosen representative, both n and the corresponding normalized Hecke
function have value 1. Biequivariance and the multiplicativity of n on K,

therefore give
~ _1 ~ i
- 9", g€ K,
Yr(9) = 8) g
0, g ¢ K,.
With vol(K,) = 1, we have vol(K,) = [K, : K;] = p"~". Thus, on the
(K, n)-fived space of a smooth genuine representation (w,V), the operator
1 ~ -
" (Ve )o = ——— k) 'm(k)v dk
p = s [ ) ()

is the projection onto the (K,,n)-fized space.

3.1. Representations of K having a vector of prescribed K,-type.
In [1], we studied representations of GLy(Z,) containing an Ho(p™)-fixed
vector, where Hy(p") consists of matrices in GL2(Z,,) which reduce to upper-
triangular matrices modulo p"Z,,.

We would like to study the irreducible representations of K having a
nonzero vector of (K,,n)-type. Let

I(n):= Ind%ﬁ = {(b K = C ‘ @éﬁoé)ﬁ,ﬁ(kk(g%k)’ } )

¢’s are smooth (locally constant). Then I(n) is a right representation of K
via right translation, and the dimension of this representation is [K : K] =
PP+ 1),
The set %
I(n)z" ={¢ € I(n) : ¢(kko) = 7(ko)P(k),
Vko € K, k€ K}
is the collection of vectors of (K,,7)-type in I(n) and hence equals the Hecke

algebra H. Consequently dim I (n)g" = 2n.
By Frobenius reciprocity,

Homz(I(n),I(n)) = Homﬂ(ﬁv I(n)‘fn)
> 1) = 1

>~

Since K is compact, I(n) is completely reducible. Moreover, H
End(I(n)) is commutative and has dimension 2n. It follows that I(n)
is a multiplicity-free direct sum of 2n irreducible representations. Any
irreducible smooth representation of K containing a nonzero vector of

(K, 7)-type is isomorphic to a subrepresentation of I(n). We describe these
subrepresentations and their exact-level type vectors.

Corollary 3.8. Let n > 1. There exist exactly two irreducible constituents
a(n),c’(n) of I(n) that do not occur in I(n —1). Each contains, up to scalar
multiple, a unique vector of (K,,n)-type and no nonzero vector of (K,_1,7)-
type. At level 1, the two irreducible constituents of 1(1) have dimensions
summing to p + 1, while for n > 2 one has dim(o(n)) + dim(o’(n)) =

P (p? - 1)
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If we restrict ourselves to n = 1, then let S be the subalgebra of H
generated by Z,Up, Y, for every r € {1,...,n — 1}. These elements satisfy
exactly the same relations as elements of the subalgebra H(GL2(Zy)//Ho(p"))
and hence are isomorphic. The algebra H is generated by S together with
Wi, .o s Who1.

We have a left action 7, of H on I(n) given by wp(f)(¢) = f * ¢ for
feH, ¢ecl(n),in fact 7 (f) € Homz(I(n),I(n)) and so acts by scalar on
irreducible components of I(n).

0
3.17], a basis of eigenvectors of H under 7, consists of
n=1 n#zl
up =Up + 1 up = Uy + /p* W1
ug = Uy — ph uz = Uy — /p* W1

and, in both cases,

p
Upr = pyr+1 -V + \/?Wra

p
V= pVep1 — Vo — ——=W,, 1<r<n-—1.

\/Z?

For n = 1, the eigenvalues are as follows:

With the notation p* = < )p introduced above, as in |1, Proposition

Uop N1 Yo ... Yn-1 4% Wo oo Whoa
ul pn n—1 pn—2 D 0 0 0
w2 _pnfl pnfl pn72 P 0 0 0
v1 0 0 pn—2 D pn—2 /p* 0 0
v} 0 0 pn2 p  —p" 2P 0 0
V2 0 0 0 P 0 p" 3 /p* L. 0
vl 0 0 0 P 0 —p"3p* ... 0

Un—1 0 0 0 S 0 0 0 ... +\/D*

vy 0 0 0o ... 0 0 0 ... —/p*

For n # 1, all entries remain the same except that the Uy-eigenvalues on
w1, ug are p"~Ly/p* and —p"1\/p*, respectively.
Lemma 3.9. The operators wr,(Up), 7r.(Vy) and 7, (W,) have zero trace.

Proof. Choose representatives (g, 1) for the left cosets of K,, in K. Let ¢4 be
supported on K, (g,1) and normalized by

0g(k(g,1)) =7(k), k€ Ky
These functions form a basis of I (n).isince the supporting double coset of
each of Uy, Vy1,V, ) is disjoint from K, a direct support argument gives

TL(Vr1)(99)((9,1)) = 7 (Ve )(09)((9,1)) = 71 (Uo)(dg)((g,1)) = 0.
Thus 77,(Up), 7, (Vr1) and 7, (V) are traceless. By linearity of trace, so
are 7r,(V,) and 7w, (W;). O

For each of the displayed basis vectors v, put d,, = dim Span(7g(K)v). By
Lemma 3.9,

0= trﬂL(WT) = p"_r_lv p*(dw - dv;)y
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0 dy, = dy, for 1 <r < n —1. The Up-trace equation gives

q. - pdy,, n=1,
ug
dy, n# 1.

The V,-eigenvalues are identical for both characters. After canceling the
common factor p"~"~!, their trace equations give

r—1
(p=1) | duy +duy + ) (dyy +dy) | =dv, +dyy,  1<r<n—1L
j=1
Together with
n—1
duy + duy + Y _(du, +dyy) = dim I(n) = p" " (p+ 1),
r=1

these equations give the following dimensions.

Corollary 3.10. The representation I(n) is the multiplicity-free sum of the
2n irreducible representations

Si = Span(mr(K)u;), i=1,2,
T, = Span(nr(K)v,), T, = Span(rr(K)v.), 1<r<n-—1.
Their dimensions are
. . (1,p), n=1, Y
dim 51, dim S3) = dim7, =dim7, =p" " ———.
(dim S1, dim S2) {(])_51,])_51)7 . im T, im7, =p 5

4. LocAL NEWFORMS IN HALF INTEGRAL WEIGHT

4.1. Induced Representations. Retain the additive character i) of con-
ductor 0 fixed in Section 2. Let u be a character of Q; of conductor exponent
n. We first define explicitly the genuine character used in the induction. For
a€Q),beQy, and e € {1}, put

Xu((h(a)z(b),€)) = ev(a, )"
The restriction of our cocycle to the torus is ¢(h(a), h(a’)) = (a,a’),. Hence
the identity v(ad’,v) = v(a,¥)y(d',¢)(a,d"),, shows that x, is a genuine
character of Bj; it is trivial on the canonical lift of the upper unipotent
subgroup. Define

i (M(@)z(b), €)) = u(a)xy ((h(a)x(b), €)) = ep(a)y(a, )"

We use normalized induction and set

(1) = ]G iy,
with representation space V' (p). Thus V' (u) consists of the locally constant
functions f : G — C satisfying

F((h(a)z(b), €)g) = lal fiy((h(a)z(b), €)) f(g) = elalu(a)y(a, )~ f(g)-
This is the standard genuine torus character and normalized induced model
used by Baruch—Mao, written there with a different Weil-index notation; see
[15]. It also agrees with the normalization in [16, §3.2]. Baruch—-Mao and
Ishimoto formulate the construction in the og-model. Since s,(g) = 1 for
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every g € By, the isomorphism ¢ is the identity on the full inverse image of
By. Therefore the genuine character, the factor |a| coming from normalized
induction, and the displayed transformation law are unchanged in our c-model.
For brevity, write

pup((h(a)z(b),€)) := la| iy ((h(a)x(b), €)).
Since c(¢p) = 0, the Weil-factor identities in Section 2 give y(u,v) = 1 for
u € Z, . Consequently, on the compact diagonal elements used in the support
calculations below, pp((h(u),€)) = eu(u).
Now let 1 be either the trivial character or the character n = (;), with

the conventions of Section 2. For m > ¢(n), we write

mp ()™ = V(™ =V, (my ().
In the induced model this space is

V(p)y™ ={f € V(n) : f(gk) =n(k)f(g) for all g € G, k € K}
Recall that ¢, (7 (1)) is the least such m for which this space is nonzero.
For each m, the Hecke subalgebra H,,(n) = H(K//Km,n) of Section 2
acts on V(,u)ffm. We write H,,, = H,,(n) when the character is understood.
We shall determine the required simultaneous eigenspaces explicitly. Fix
again a quadratic non-residue A € Z, as in the previous section.

Lemma 4.1. The double cosets
BKp, B(w(1),1) K,
B(y(p"), 1)K,  Bly(\p"),1)Kn

where r € {1,...,m — 1} and X is a nonsquare modulo p, form a complete
set of double coset representatives for B\G /K.

Proof. The fact that these cosets cover G follows from the Iwasawa decompo-
sition G = BK and Proposition 2.1.

To show disjointness, assume y(t1)koy(—t2) € By for some <CCL Z) =ko €
K,,. A direct calculation gives
toa + ¢ — t1tob — t1d = 0.

Write t; = £;p" with ¢; € Z) and 1 <r; < m. If r1 # ro, the term having the
smaller valuation cannot be cancelled by any of the other three terms. Hence
ry = ro = r. After division by p" and reduction modulo p, the determinant
condition gives
loa —lia ' =0 (mod p).

Thus ¢; and £5 have the same square class modulo p. The remaining compar-
isons, involving 1, w(1), and y(t), follow by the same lower-row calculation.
This proves disjointness. O

Throughout the remainder of this subsection, we assume the central compat-

ibility condition p(—1) = n(—1). This is necessary for a nonzero (K,,, n)-fixed
vector, since (h(—1),1) acts on V() by the scalar pu(—1).
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Proposition 4.2. Assume n > 1. Then V(,u)ff?" 1s the 2-dimensional space
spanned by the functions

filg) = {NB(b)U(k‘O) if g = b(y(p™), 1)ko, for some b € B, ky € Koy,

0 otherwise

_ Jus®)n(ko) if g = bly(A\p"), ko, for some b € B, ko € Koy
Ixlg) = ‘
0 otherwise

Consequently c,(my(1)) = 2n.

Proof. We give the support argument at an arbitrary level Kj,;. By
Lemma 4.1, a vector in V(,u)ffM is a sum of functions supported on the

displayed B—Kj; double cosets. A nonzero function supported on BgK s
exists precisely when the inducing character and the right n-type agree on
BN gKyg~'. Since all the representatives lie in K and the cover splits over
K, no additional cocycle factor occurs in this check.

The cosets BK); and B(w(1),1)Kj; cannot support such a function.
Indeed, applying the compatibility condition to the diagonal elements h(u),
u € Z), would give respectively u!Z; =1 or /fl\Z; = 7. Either equality
contradicts c(u) = n > 1, since ¢(n) < 1.

It remains to examine g = (y(6p*), 1), where § € {1,A\} and 1 < k < M.

Writing b = ( g a6_1> ,1) € B, the condition g~'bg € K is equivalent,
on the linear group, to
a+ pop* p >
_ _ € K.
<pk(a P—a—ppt) ot popt) T

Thus 8 € Zy, a € Z,;, and
a b —a—pBspF =0 (mod pMF).
For such an element the support compatibility is

p(a™h) =nla™" — Bap").
If K < n, choose a € 1+ p*Z, and 8 = (o' — a)/(dp*). The support
compatibility then forces u to be trivial on 1 +kap, contrary to ¢(p) = n. If
M —k <n,take f=0and a €1 —|—pM_kZp; the same compatibility forces
i to be trivial on 1 + p™ _kZp, again a contradiction. Therefore an y-coset
supporting a nonzero type function must satisfy

k>n, M-k >n.

In particular, no such coset occurs when M < 2n, proving V(,u)ffM =0 for
every M < 2n.

At M = 2n, these two inequalities force kK = n. In this case the preceding
congruence gives a? = 1 (mod p"). Since p is odd, this means o € (1 +
p"Zy). As p is trivial on 1+ p"Z, and ¢(n) < 1, the support compatibility is
equivalent to pu(—1) = n(—1). Hence precisely the two cosets represented by
y(p™) and y(Ap™) support nonzero type functions, namely f; and fy. They
are linearly independent, and each supporting space is one-dimensional. This
proves both the dimension assertion and ¢, (my (1)) = 2n. O
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Remark 2. Ishimoto independently obtained the same conductor and dimen-
sion statement in [16, Theorem 4.1|, using Frobenius reciprocity and Mackey
decomposition. He also describes the corresponding functions supported on
the two square-class double cosets in [16, Corollary 4.3(4)]; in the notation
used here, these are the two support lines generated by f1 and fx. The proof
above is a direct support computation.

Remark 3. Suppose that n = 1. In the cancelling case n = uﬂ]Z;, the
quadraticity of n implies that both ,u\Z; and ,ufl\Z; equal 1. Consequently
V(,u)f](l is two-dimensional, spanned by the standard type functions supported
on BKy and B(w(1),1)K1, and c,(my(p)) = 1. In the remaining case,
c(np) > 0 and c(nu=t) > 0; then V(u)nK1 = 0, while the two functions
supported on B(y(p),1)Ks and B(y(\p),1)Ko span V(u)ff?. Thus the n-

conductor is 2, and this case is treated in Proposition 4.5; compare |16,
Theorem 4.1 and Corollary 4.3].

We will now use the results on eigenvalues from the previous section to
identify the eigenvalues of the newforms inside this two-dimensional space.
On Z,; we write i = w1 since the restriction of u to Z, has finite order,
this is also its complex conjugate.

Proposition 4.3. Let § = (g,1) € G. For n > 1 we obtain the following
equalities:

,1:‘:\/]7 . o
Vano 1 (f) (5(6p™)) = { 2 o=n

0 if 0 # kK
—1Fvp* 5 =
Van-1.5(fs) (9(50")) = {0 A
where  # Kk in the second case and 3,k,d € {1,\}. The signs depend on .
Proof. For € {1,A} : Van15(f)(9) = X flgh(w)g(Bp*~1))n(u).

u€Zy /A/1+pZp

Now taking g = y(dp™) and f = f, the argument in the summation becomes

1 0 u 0 1 0\ (u O 1 0
5pn 1 0 uil 5p2n71 1)~ 0 uil 6pnu2+6p2n71 1/

From a straightforward calculation it follows that there exists a matrix

a b 1 0\ fa b 1 0
(0 a1> € BO such that <—:‘€pn 1> <0 G1> <(5an2 +6p2n,1 1> €
Ko, if and only if 6u? + Bp" ! = ka? (mod p"),b € Z, and a € Zy.

This relation has a solution if and only if § = k. In this case we choose the
square root by setting

a:uwl—kép”_lu_Q, \/1+ p” ly=2 ¢ 14 p"~ 1Z

This is the unique choice for which a = w (mod p). Since ¢(n) < 1, it follows
that n(a) = 1(u).
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First let kK = § = 3, from which we obtain

Vs G ) = Y A ),
u€Zy /A/1+pZp

. . s — . u2+pn71 .
With the choice just made, n(y/u?+p"!) = n(u) and Y¥——— =
Vi+prlu=2 =1+ %p”_lu_2 (mod p"), so the last sum evaluates to

> E(+ gt
w€ZX /A 1+pZp
Since ¢(u) =n > 1, the map t — ﬁ(l + %p"flt) defines a nontrivial additive
character of F,. Put ¢ = ﬁ(l + %p”_l). Its quadratic Gauss sum, in the two
equivalent forms of Section 2, is

gcLip) =3 ¢ =3 ) = £V

z€Fp tery,

The sign is determined by u, relative to the choice of /p* fixed in Section 2.
Reindexing by u + v ™!, which permutes the quotient, gives

1
Vasf)@™) = Y =g 3 ¢
weZY /\/ 1Ly u€Zy [(1+pLp)
_g9p) -1 —1+p*
2 2

In the same way for 8 # k = ¢ we obtain

Vs @a) =5 Y i = TS IR

w€Zy /(1+pZy)

Notice that in all of our calculations we remain inside K and G splits over
K, so the cocycle component plays no part in the computation. O

Corollary 4.4. The functions f1, f) defined in Proposition 4.2 are the com-
mon eigenvectors in V(,u)ff?" of the operators Yo,_1 and Wa,_1 from the
previous section. The forms and their corresponding eigenvalues are given in
the table below.

Proof. Proposition 4.3 shows directly that each of f; and f) is an eigenvector
for both Vo,—1,1 and Vy,_1 . Since at the terminal index

Vo1 =1+ Von_11+ Von_1., Wan—1=Van—11 — Von—1,x,
the displayed eigenvalues in Proposition 4.3 give Vo, —1fx = 0 and Way,—1 fx =

++/p* fx, with opposite signs for k = 1 and \. O
Case 1 f1 I Case 2 f1 Y
Van-11 7112\/;7 7112\/;? Van_11 —14:2\/17* —112\/17
Vanoia | = | ZE | [V, g | S | S

Case 1| f1 i) Case 2 f1 i)
Yon—1 | 0 0 Von-1 0 0
Wan—1 | VP* | =V/D* | | Wan—1 | —VP* | V/P*
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Proposition 4.5. Let n = 1 and assume c(nu) > 0 and c(nu=') > 0, so
that ¢y (my (1)) = 2. Then the 2-dimensional space spanned by the functions

fila) = {ﬂB@)n(ko) if 9 = bly(p), ko, for some b€ B,k € Tz

0 otherwise

_ Jus®)n(ko) if g =b(y(Ap),1)ko, for some b€ B, ko € K
alg) = ‘
0 otherwise

has a basis {v1,va} such that Uy(v1) = Up(va) = Vi(v1) = Vi(v2) = 0 and
Wi (v1) = /p*o1, Wi (ve) = —y/p*ua.
Proof. We have that

U(f) @) = Y Fx@(op)a(s)w(1)).

SEZLy [Pp%Lyp

—s 1
M = <—1 — 0ps 5p> ’

then the sum is zero unless Mkoy(—rp) € By for some kg € K5. But

—s 1 a b 1 0
—1—6ps p) \p?c d) \—kp 1

B —s 1 a—rkpb b
“\=1—6ps dp) \p’c—rpd d
* *
- ((—1 — 8ps)(a — kpb) + Sp(p*c — Kpd) *) ¢ Bo
since a € Z,; . It follows that Up(f,)(7(6p)) = 0 for every 6, x € {1, A}. Since

Uo(fx) belongs to the space spanned by fi, f), and these two values determine
a vector in that space, Uy acts by zero on all of V(u)ff?

Let

Since ¢y (my (1)) = 2, the space V(u)ffl is zero. At level 2, Remark 1 shows
that Y1 =Z + V1,1 + V1, is supported on K7 and takes the value n(k)~1 at
each k € K;. Hence p~1Y; acts as the averaging projection onto Viu ) ,
and ) acts by zero on V(u )77
The relation W12 = p*I on this space shows that W is diagonalizable and

that its eigenvalues belong to {y/p*, —v/p*}. We show that both occur. From
the same calculations as in Proposition 4.3 for n = 1 we obtain

Vii(f)@@) =Via(h@Ete) = > & (”2“) n(uv/u? + 1)
w€z |\ T,
(5)=
(*)

Assume that only one Wj-eigenvalue occurs. Since W, is diagonalizable, it is
then scalar. As Vi = 0, both V1 and V)  are scalar as well. We write their
scalar values in the following table:
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1| fa
Vig |l | by
Vi [ g | O

Relation (*) gives £11 = £y . Since the two operators are scalar, we also have
011 = {1\ and £y 1 = £y . Hence Vi1 and V; ) act by the same scalar, so
Wi = 0, contradicting W? = p*I. Both eigenvalues therefore occur. Choosing
corresponding eigenvectors vy, vy proves the proposition. U

4.2. Reducible Principal Series: Even Weil and Steinberg Represen-
tations. We study the two irreducible constituents of the reducible principal
series in Proposition 4.6. We first recall the Weil representation in the
conventions fixed in Section 2; compare |16, §3.2].

wy((h(a), e)) - ©l(y) = elalzv(a, ) p(ay),
[we((z(b), 1)) - @l (y) = Y(by*)e(y),

wo((w(1), 1)) - () = 7() / (@ )(2ry)dy,a,

Qp
Here dy,x is self-dual for the character  — 9(2x). Since p is odd and
c(1) = 0, we take volg, .(Zp) = 1. Let S*(Qp) and S7(Qp) denote the
subspaces of even and odd functions, respectively.
Thus
S(Qp) = ST(Qy) & S™(Q), w¢:w$@w;'

The even and odd Weil representations are irreducible; the former is non-
supercuspidal and the latter is supercuspidal. Fora € Q), put o () = (a, )y,
and recall ¥, () = ¢ (ax). The isomorphism class of wy, depends only on
the square class of a, and we write

w":f»lla = wia '
See [16, §3.2] for these facts.
The reducibility properties of these representations are summarized in |16,
Proposition 3.3| as follows.

Proposition 4.6. (1) The representation my () is irreducible if and only if
p? |- [FL In this case we have my(p) = myp(p™t).

(2) If p = | - ]%, where piq is a quadratic or trivial character, then (1)
is reducible and there are an irreducible representation Sty ,, and a short
exact sequence

0 = Sty u, = my(p) = wy, , —0.

We shall call the representation Sty ,,, the Steinberg representation associ-
ated to ¥ and pig.

(3) If 1w = pal - |_%, where i, is a quadratic or trivial character, then my (1)
1s reducible and there is a short exact sequence

0= wy . — my(p) = Sty p, — 0.

The proposition gives all the irreducible non-supercuspidal genuine repre-
sentations of G; see |16, Proposition 3.3|.
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Choose a nonsquare unit 8 € Z,; and henceforth take a € {1,8,p,pB}. Let
7 be either the trivial character or (;), assume the compatibility condition

n(—=1) = pa(—1), and put g = pq| - |V/2. We write () and ¢(n) for the
respective conductor exponents.
Proposition 4.6 gives

M
0 — Sty p, — mp(p) = wj , — 0.

For every level at v which 1 defines a character of K,,, let M,,, be the restriction
of M to the (K,,,n)-isotypic space. By [16, Lemma 4.9|, the map M,, is
surjective for every m. We therefore have a short exact sequence

m

M
0 — (Sty )™ — Ty ()™ =2 (wh, )p™ — 0. (4)

This is also an exact sequence of modules for the corresponding Hecke algebra
H,,. Indeed, since M is a G-intertwining map, for 7' € H,, and v € W(,u)ffm
one has

M1 +0) = Mo [ Tlgmati@)ods ) =T M(o)

Thus both the Steinberg kernel and the even Weil quotient are preserved by
the Hecke action.
The compatibility condition leaves the following four cases:

(1) e(pa) = e(n) = 0: a € {1,8} and n = L;

(2) c(pa) = 1, ¢(n) = 0: a € {p,pB}, n = 1, and necessarily p = 1
(mod 4);

(3) c(pa) =0, ¢(n) =1: a € {1,B8}, n = (;), and necessarily p = 1
(mod 4);

(4) c(pa) =c(n) =1: a € {p,pf} and n = (5) = “a|Z;'
The dimension formulas for the induced and even Weil representations are
[16, Theorems 4.1 and 4.4]; in particular,

en(w ) = 2¢(npa) + ¢(pta)-

Together with (4), these formulas give the following conductor and dimension
data.

Proposition 4.7. In Cases 1-4, respectively, the n-conductors are

Case ‘ ey (1)) ‘ cn(wjp"ua) ‘ (St pua)

1 0 0 1
2 2 3 2
3 2 2 2
4 1 1 1

The dimensions at the levels needed below are

Case | m | dim 7y (p),™ dim(w;; padn ™ dim(Stw,#a)ffm
1 0 1 1 0
1 1 2 1 1
2 2 2 0 2
3 2 2 1 1
4 1 2 1 1
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In Case 2 all three isotypic spaces vanish for m < 2. In Case 3 the three
(K1,n)-isotypic spaces vanish. For the mmiﬁed@e i Cases 3 and 4, we
only use levels m > 1, where n is a character of Kp,.

For each level under consideration, normalize Haar measure by vol(K,,) = 1.
For m > 2, Section 3 shows that H,, is finite-dimensional, commutative,
and semisimple; the level-1 Hecke subalgebras supported in K are studied in
[2]. Thus the finite-dimensional (K,,, n)-isotypic spaces admit simultaneous
eigenbases for the action of H,,. We will explicitly distinguish the affine
Iwahori operator U;, whose support is not contained in K, when it is used in
Case 4.

With €, = v(p,9) as fixed in Section 2, the conductor 0 normalization

. 2 _ (-1
satisfies € = (?)

Proposition 4.8. Let the notation be as above. The following Hecke actions
hold on the minimal-level Steinberg spaces:

(1) Case 1 (c(pa) = 0,¢(n) = 0): At level Ky, the Iwahori-Hecke
operator @p acts on the one-dimensional Steinberg component with
etgenvalue —1.

(2) Case 2 (c(uq) = 1,¢(n) = 0): At level Ka, the two-dimensional
Steinberg component has a common eigenbasis on which Y1 acts by 0

and Wy acts by /p* and —/p*, respectively.

(3) Case 3 (c(uq) = 0,¢(n) = 1): At level Ko, the operator Vi acts
by O on both the one-dimensional Steinberg component and the one-
dimensional even Weil component. On the even Weil component YWy

acts by
(3) v
p
and on the Steinberg component it acts by

()

p

(4) Case 4 (c(ug) = 1l,c(n) = 1): At level Ky, the affine Iwa-
hori operator Uy, supported on Kiw(p~™')Ki and normalized by

Ur((w(p™1),1)) = €p, acts on the one-dimensional Steinberg compo-
nent with eigenvalue —ep.

Proof. We analyze the action of the Hecke operators in each case by consid-
ering the natural projections between successive levels.

For Case 1, let f; and f,, be the standard basis of 7y, (,u){(1 supported on
BK; and B(w(1),1)K;, normalized by f1(1) = fu((w(1),1)) = 1. Let Q,
be the Iwahori Hecke operator supported on Kjw(1)K; and normalized by
@p((w(l), 1)) = 1. The standard right-coset calculation gives

Qpfi = fur  Qpfw=ph+ (P —1)fu
Consequently
va(f1+fw):p(f1+fw)7 @p(pfl_fw):_(pfl_fw)-

The decomposition Ky = K; U Kjw(1)K; shows that Qp + I is supported
on Ky and takes the value € at (k,e) for k € Ky. Its restriction to the
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split copy Ko x {1} is therefore the characteristic function of Kjy. Since
vol(K7) = 1, we have vol(Ky) = [Kp : K1] = p+ 1. Consequently convolution
by (p+ 1)_1(C§p + I) is the normalized averaging projection from the (K71,1)-
fixed space onto the (Ky, 1)-fixed space. The two displayed identities show
explicitly that this projector fixes the line C(f; + f,) and annihilates the

line C(pf1 — fw). The former is the (Ko, 1)-fixed line 7r¢(,u){<0. Since My

is surjective and (Stw,ua){{o = 0, it maps isomorphically onto (w;r Ma){<0

Moreover, (w:; #a){(‘) and (w:; Ma){(l are both one-dimensional, so they coincide.

Thus the even Weil (K7, 1)-fixed vector is already an oldvector coming from
level K. Exactness of (4) therefore identifies the latter line, C(pf1 — fu),
with the Steinberg newvector line.

For Case 2, Proposition 4.7 gives (w;; ﬂa){<2 = 0. Hence the entire two-
dimensional induced space at level K> is the Steinberg space. Proposition 4.5,
applied with n = 1, gives a common eigenbasis on which

Y1 =0, Wi =+/p* and —\/p*.

For Case 3, Proposition 4.7 gives a two-dimensional induced space at
level Ko, containing one Steinberg line and mapping onto one even Weil
line, whereas all three (K7,n)-isotypic spaces vanish. By Remark 1, the
element Y1 =7 + V11 + Vi is supported on K; and takes the value 77(12)_1
at each k € K. Under the normalization vol(K3) = 1, one has vol(K;) =

[K1 : K3] = p, so p~'); is the normalized averaging projection onto the
(K7, n)-isotypic space. That space is zero in Case 3; therefore
Yi=0

on the entire two-dimensional induced space.

We now adapt the argument used in Proposition 4.5; its hypotheses do
not apply literally here because p, is unramified. Let fi; and f\ be the
two standard type functions supported on B(y(p),1)K2 and B(y(Ap),1)Ka,
respectively. The terminal relation from Corollary 3.6 gives

Wi =p*T
on this space. Thus W, is diagonalizable and its eigenvalues belong to
{ \% *a Y p*}
It remains to show that both eigenvalues occur. The same direct double-

coset calculation, now with ¢(ug) = 0 and ¢(n) = 1, gives the equality of the
two diagonal coefficients

Vi1 () (5(p) = Via(fr)(G(Ap)). (**)
Suppose that only one Wj-eigenvalue occurred. Since W is diagonalizable,
it would be scalar. Because ) = 0, the identities
Vii+Viy= -1, Viin=Via=W

would then make both Vi 1 and V; ) scalar. Equality (x*) would force their
two scalar values to be equal, and hence W; = 0, contrary to W? = p*T.
Thus the two eigenvalues of Wy are y/p* and —+/p*.
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We now determine which constituent receives which sign directly in the
Schrédinger model. Write

== (0) w6 =g e

This character factor is essential: the plain characteristic function 1,x has
P

trivial diagonal type. Since a € {1,/} is a unit, ¢, has conductor 0 and
Y(u,q) = 1 for every u € Z,;. Hence

wys, ((h(w), 1))y = x(u) Py = n(h(u))dy.
The verification of the three type conditions in the proof of [16, Theorem 4.4,
applied here with c¢(¢q) = 0, ¢(n) = 1, and m = 2, shows that x(Z,) fixes ¢,
and that its Fourier transform is supported on p_lZ;; consequently y(p*Z,)

also fixes ¢,. Thus ¢, belongs to the (K2,n)-isotypic space. Since p =1

(mod 4), one has x(—1) = 1, and therefore ¢, is even. It consequently spans

: : +\K
the one-dimensional space (w;, );*.

We compute the action of WW; on this vector. For § € {1, A}, the right-coset
decomposition in Lemma 2.4 gives

Vigdy = > (e, ((h(), 1)), 1)é,
€Ly /\/1+pTp
= D wn(Wu?p),1)d,
we; v/ T
Here we used h(u)y(6p) = y(du=2p)h(u) and the two factors n(u) and x(u)

multiply to 1, since n = y is quadratic. As =2 runs once through the nonzero
squares in [F),, subtraction of the two square classes gives

Widy = > x(t)wy, (y(pt),1))dy. (5)
teFy,
Put F, = wy, ((w(1),1)). Since the cover splits over K,
(y(pt), 1) = (w(1),1)(x(=pt), (w(1),1)~"
with no additional cocycle factor. Thus the right-hand side of (5) is

Fa | D x(wy, (@(=pt),1)) | Fi'én.

teFy

Up to a nonzero constant,

Frly)(2) = / x(@)(~2az) da

Zy
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which is supported on pilZ]f. If 2z = p~lv with v € Z, , the operator in
parentheses acts by the scalar

a ’U2
S x(Oa(—pt22) = 3 x(t) <t>

p
teRy teFy,

=x(=a) Y x(t)v(t/p)

teFy

= x(a)epy/p = x(a)\/p".

In the last line we used x(—1) =1 and (2). It follows that

Wld)n = <Z) \/Eﬁbn

The exact sequence (4) is equivariant for the action of the Hecke subalgebra Hj.

Since the Steinberg line and the even Weil quotient are the two opposite Wi-
a

eigenlines found above, W acts on the Steinberg component by — (5) VD*.

Finally, in Case 4 both the even Weil and Steinberg constituents have a
one-dimensional (K7, n)-isotypic space. We use the affine Iwahori operator
Uy supported on Kjw(p~1)K;. This operator separates the two constituents,
although it is not an element of the Hecke subalgebra supported on K. We
normalize

Uy ((w(p_l)a 1)) = €p,
where €, = v(p, 1) as above. The relation of |2, Proposition 3.10(ii)| remains
valid with this normalization:

U = ep(p — 1)Uy + xp(—1)p.

In this case, put w = w(1). Let fi and f,, be the standard basis of m,(,u),[fl
supported on BK; and B(w, 1)K, respectively, with the same normalization
as in Case 1:

fi(1) =1, ful(w,1)) = 1.

We have
o 1, a=p,
ta(=p) = {_1’ o= pp.
Since .
Ha(*l) = (71,&);0 = (*1,]9)10 = <) ’
we have .
a\P) = Ma\=DP)\ — | -
o) = o) ()
Consequently,

U1(H)(g) = ep > f(gly(ps), D(w(p~),1)).

selFy
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We first compute Uy (f1) at g = 1. The term s = 0 lies in the B(w, 1) K;-cell
and therefore does not contribute. For s € IF';, put

s 0
ks = <p 81) 6 Kl,

bs == y(ps)w(p ks = z(p~ts!) € By.
Since y(ps)w(p~!) = bsk; !, the character and Cocycle factors are
pp((bs, 1)) = c(bs, k) =
(ks 1) = e(y(ps), w(p™)) = xp(S)-
Consequently,
U1(f)I(1) = ¢ Z Xp(8)” = ep(p — 1).
SEFX
We next evaluate at ¢ = w. Since
_ — s _
wy(ps) w(p™) = ( o _p_1> = h(=p)z(—sp~") € By,
all terms contribute to the f,,-coefficient. The cocycle calculation in this case
gives
1,ifs=0
1), =<
c(w(1),y(ps)w(p~)) {(s,p)p, if 5 £ 0
which for s # 0 equals c(y(ps),w(p~!)), so there is no remaining cocycle

contribution. Thus every summand is pg((h(—p)z(—sp~!),1)). Since pu =
/La"|1/27
u(=p) = pa(—p)p~ "%

Moreover, v(—1,%) = 1, v(p,¢) = €p, and hence

W=, 9) = =LY (B, (-1 p)p = (j) _

Consequently,

U1 (f)](w) = e Y | = pl u(—p)y(—p, )"

sclFp

_ _ -1\ _
=e&p-p " pa(—p)p /2 <> &'

P
= fta(~p) <_pl) p 2

UL (f1) = p(p — D)1 + pa(—p) (‘pl) P2y

We now compute Uj(fy). Since

wilps)wp ) = (7)€ B

Therefore

we have
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Atg=1,
_ 0 -1
1y _ p
y(ps)w(p™) = <_p s > :
We claim that this lies in BwK; only when s =0 (mod p). Indeed, suppose
that

y(ps)w(p™') = bwk, k= (f; %0) € K.
Writing b = h(r)z(u), comparison of the second row gives

a =rTp, Bo = —rs.

If s £ 0 (mod p), then s € Z). Since fy € Zp, it follows that r € Z, and
hence
o =1p € pLyp.
Since also 7y € pZy, this implies
ad — Boy € Py,
contradicting det(k) = 1. Thus only s = 0 contributes.

For s = 0, we use only the Bw-decomposition of the element w(p~!). In
the metaplectic cover,

) = (167, (2 ) (w1

because
(b0 = (1.9, = ().
Therefore
[01(f))1) = pu(p™) <_p1) v~ )T
Since = jiq| - |*/? and p, is quadratic,

—1\ _ —1y—111/2 _ _ =1\ 1
pp™) = palp” e 177 = pal p)(p)za :

and p have the same square class, so

Y~ ¥) =7(p,¥) = €p.

Moreover, p~!

It follows that
U = 1 —
[ 1(fw)]( ) €ppua( p) <> p1/2€ 1

= pa(—p)p*>.
Therefore
Ui(fu) = ta(=p)p*/* f1.
Thus, with the usual convention that the columns record the images of f;
and f,, the matrix of U; in the ordered basis (f1, fw) is

ep(p —1) fia(—p)p*/?

— 1
Wit = | (=) <p Y 0
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Its characteristic polynomial is
det(XT —Uy) = X? —¢y(p— )X — xp(=1)p
= (X —epp)(X +¢€p).

For both a = p and a = pS, the eigenspaces are therefore:

Eigenvalue ‘ Eigenvector
€pp P2 fi + pa(=p)epfu
—€p p1/2f1 - Na(_p)€pfw

We now compute the action on the even Weil representation. Write a = pu,
where u € {1, 8}, and let ¢ = 1z, in the Schrédinger model of wjz}r Since
a = p or pf, the character v, has conductor —1. The standard Weil formulas
show that ¢ spans the one-dimensional (K7,n)-isotypic space of w+a By the
normalization of Uy,

Udlw) = & 3 we (ps), D(wlo ). 1) (6)(y).
SGIF
Using
(y(ps). (w(p). 1) (L (‘pl)) = (h(p), 1) (w, 1) (a(—sp™"), 1),

together with the Schrédinger-model formulas, we obtain

[U19](y) = € ( p1> P20 a) T Y ()

522 2zy
a\ a d
. p/zpw< p>¢<p>¢“2z

Since (1) = —1, the self-dual measure is dy, 2z = p~*/2dz. For z,s € Z,,

" (—;) —pcus?) =1, <2py) — §(2uzy),

so the sum over s contributes a factor p. It follows that

Uil(y) = &, (p) P b)) [ 6(2uzy) dz

Zyp

— ¢ <_1> Py~ va) " V(W) 1z, (1)

p
By the definition of the relative Weil factor, and since 1, has conductor 0,
-1 v (%u) -1
Y(P~ Ya) = =Y(%a
( ) Y(¥a) (a)

Moreover, v(—1,1) =1 and (—1,a), = xp(—1), so the Weil-factor identities
give
V(™ Ya) T (W) = ()
=7(=1,¢) " = xp(-1).
We conclude that

[U18](y) = epxp(—1)?p 1z, (y) = p d(y).
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Comparing this with the preceding eigenspace decomposition and using
the Uj-equivariance of (4), we conclude that the Steinberg kernel is the
—ep-eigenline, spanned by

p1/2f1 - Ma(_p)epfw-
O

4.3. Supercuspidal Representations. We now consider irreducible gen-
uine supercuspidal representations of G. For the classification and the
corresponding linear theory we refer to [16, §5.1], [13, §3.3], and the original

work of Manderscheid [11, 12|. Let o = < and consider the maximal

p
0 1
compact subgroups of G:

K° = K = SLy(Z,),

-1
K'= o 'K% = {(“CL Z) € SLy(Q,) : a,d € nge psz P Ly, } .
We retain K = K° = SLy(Z,,) throughout. When treating the two maximal
compact subgroups uniformly, we write K € {KY K'}.
We use the isomorphism ¢ : CNJC — éao from Section 2 to compare the
compact splittings. For § € {0,1}, let sgo be Ishimoto’s splitting of K in
the op-model; see [16, §3.1]. Pulling it back through ¢=! gives

$2(k) = sp(k)sS (k), ke K°.

o0
On the standard generators below, s, equals 1: the lower-left entry is zero for
z(b) and h(a); for y(c) the factor is (c, 1), = 1; and w(1)h(p?) has lower-right
entry zero. Thus the two cocycle models give the same splitting values on

these generators. Writing s? = s‘g, we have:
0

b) =1, bep 'z,
)

where 1_ is the additive character of conductor —1 fixed in Section 2.
We shall use the Weil-factor identities recalled there. For u € Z;, the
normalization c¢(¢_) = —1 gives

U
$Hhu) = (o) = (4).
For K = K°, write s = s°. The splitting identifies irreducible represen-
tations of K with genuine irreducible representations of /. Explicitly, a
representation (p, W) of K gives the genuine representation p defined by

o((k,€)) = es(k)p(k), ke, ee{xl}.

This notation will also be used after replacing p by a conjugate representation
or by a representation induced from the Iwahori subgroup.
Put
N, ={z(t) : t € p"Zy}, N, ={y(t) : t € p'Zy},
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and, inside K, consider

5 a b 5. a,dEl—FpeZp,
Jo = {<c d> KTy e g, ceptiz, |
Following |16, §5.1] and Manderscheid [11, 12|, we define the conductor ¢(p)

of a representation p of K? as the minimal m such that p is trivial on J2,.
We say that p is strongly cuspidal if

HomNc(p)—2§—1 (p|Nc(p)—25—1’ 1) = 0

A strongly cuspidal representation p has defect 1 if

HOmNC(p>7671 (p’Nc(p)75717 1) % O’

otherwise it has defect 0. We denote the defect by d(p). If d(p) = 1, then
necessarily § = 1.

We use Manderscheid’s classification [11, 12| in the form stated in [16,
Theorem 5.2]. The isomorphism ¢ identifies the corresponding genuine lifts
and preserves compact induction, so the theorem applies in our ¢-model: for
every irreducible strongly cuspidal representation p of K = K?,

C—Ind’% 0
is irreducible and genuine supercuspidal; every irreducible genuine supercusp-
idal representation of G arises in this way; and inequivalent strongly cuspidal
types induce inequivalent representations. Our aim is to find the newvectors
in these compact inductions.

We first recall the linear data from which the maximal-compact types used
below arise. Let

b
Kai, = GLa(Zp), IgL = {(Z d> € Kgr:ce pr} ;

let Z be the center of GL2(Q,), and let Z’ be the subgroup generated by

)

Thus ZKq1, and Z'Iqy, are the two compact-mod-center subgroups used in
the Kutzko-Sally construction. Following [13, Definition 3.3.1], the linear
very cuspidal data occur in two cases:

unramified: T is a representation of ZKqr,,
ramified: T is a representation of Z'Iqy,.

In the corresponding case, level £ > 1 means that 7 is trivial on
Kar(f) = 1+ p'Ms(Zy)

or on
Iap(0) = {(Z Z) €lgr:a,d€l+p'Z, bep'Z, cc p”lzp} ,

and in either case
Homy, ,(1,7) =0.
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The restriction of an unramified datum 7 to Kqr, N G = K° is usually
irreducible; in the exceptional case £ = 1 it may split into two irreducible
constituents. The restriction of a ramified datum 7 to

I=Ic,NG
always splits as 01 @ o9, and conjugation by a diagonal nonsquare-unit element

interchanges the two constituents; see [13, §3.3].
For clarity, we now define the level of these Iwahori constituents. Put

I, = IGL(K) NG.
We say that a representation o of I has ITwahori level £ if
o, =1 and Homy, ,(1,0) =0.
Each constituent of a ramified very cuspidal datum of level £ has Iwahori level
¢. In addition, Lansky—Raghuram [13, Remark 3.3.2| prove for the ramified
datum 7 that
Homy, ,(1,7) = Homg, (1,7) = 0.
Passing to either constituent gives
Homﬁé(l,ai) =0, 1=1,2.

This lower-unipotent assertion uses the extension to the ramified very cuspidal
representation of Z'Igr; it need not hold for an arbitrary representation of I
having the two properties in the definition above.

We record one consequence needed for the odd ramified construction. If

p= Indf( ’ Oi,
then J&l C Iy and the normality of J?_H in KV give c(p) < £+ 1. On the
other hand, o; is trivial on Ny, 1 C I; and has no N -fixed vector. Hence p
is nontrivial on J? , through
JP /e~ N¢/Nyj,
and therefore
clp)=0+1.

The following observation also determines the defect after passing from

KO to K.

Lemma 4.9. Let o be an irreducible Twahori constituent of a ramified very
cuspidal datum of level £, and put
p= Indf<0 o, p*(k) = plaka™), ke K.

Then p® is an irreducible strongly cuspidal representation of K with

c(p®) =L+1, d(p®) = 1.
Proof. Put I’ = a~'Ia and define

(i) = o(ai'a™t), i'el.
Functoriality of induction under the isomorphism Ad, : K — K9 gives

1
p® =~ Tndh o2
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Let 0 1
wy = w(pt) = (—p pO > e K.
A direct matrix calculation gives
w I’ wy L—7.
Conjugating the induced model by w; therefore gives
p® ~ Ind¥ ' o,

where
o' (i) = o (wy tiw)

. L (0 -1
=o(vir™), 72@1011:(17 0)~

Since

1 0

the representation ¢’ is again an irreducible constituent of the restriction of
the same ramified very cuspidal datum to I. Ishimoto’s [16, Lemma 5.5(2)],
which records the corresponding Kutzko—Sally-Manderscheid result, now

shows that Indf ' o is irreducible and strongly cuspidal, of conductor ¢ + 1
and defect 1. O

We next introduce the weight spaces used in the explicit vectors. Put
U={hu):uecZ,}

For a character n : Z; — C* satisfying the usual central compatibility
condition, let

U _ ) _
W, ={w e W : p(h(u))w = n(u)w for every u € Z; }.

When a level /¢ is fixed below, we write 7 for the character occurring in the
linear U-weight space. In the unramified construction,

s { even,
" T\0G), Codd,

while in the ramified normalization we use 1y = 77(;). Here 7 itself always
denotes the character defining the (K, n)-isotypic space and the correspond-
ing Hecke action. We recall the dimensions of the spaces that occur in the
supercuspidal constructions. By [13, Propositions 3.3.4, 3.3.6, 3.3.8] and
the Kutzko-Sally classification recalled in [16, §5.1] (see also [10]), if the
corresponding unramified supercuspidal L-packet has cardinality two, the re-
striction of the very cuspidal G'La-type to KV is irreducible and dim WT% =2
For the exceptional unramified packet of cardinality four one has £ = 1 and the
restriction splits as o1 @ o9; for the space W; of each irreducible constituent,

dim(Wi)gZ = 1. In the ramified case the restriction to the Iwahori subgroup
of SLy splits as o1 P 02, and again dim(Wi)gZ = 1 for each constituent. Thus
the two-dimensional U-weight space belongs to a single inducing type only in

the unramified packet of cardinality two. Fix a nonsquare unit A € Z;.
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We shall keep three levels distinct. The integer ¢ is the level of the
underlying very cuspidal or Iwahori datum. The associated strongly cuspidal
maximal-compact type (p, W) has conductor and defect

(c(p),d(p)) = {

Finally, for the choices of maximal compact subgroup made below and for
c(n) <1, the compact induction 7 has n-conductor 2¢ in the unramified case
and 2¢ 4+ 1 in the ramified case. For the unramified construction and the
even ramified construction, the assertions about (c(p),d(p)) follow from [16,
Lemma 5.5], and the n-conductors then follow from [16, Theorem 5.11 and
Corollary 5.12]. The odd ramified construction in Proposition 4.13(iv) is our
separate construction. Its conductor and defect are established in Lemma, 4.9.
Thus “level £” for the linear datum, ¢(p) for the maximal-compact type, and
¢y () are not interchangeable.

(£,0), in the unramified case,
(¢+1,1), in the ramified case.

Lemma 4.10. Let K be either K° or K, let (p, W) be a representation of
K, and let x : Z,; — C* be a character. Suppose that w € Wg is fized by Ny
and that

Homg, (1,p)=0.

For § € {1, \} define
Tsw)= Y x(w)p(h(wy(6p™))w.
wez /iy
Then T5(w) € WY for each § € {1,\}, and
(I + T+ Tep)w = 0.
Proof. We give the calculation exactly in the linear model. For 6 € {1, \} we

have
Tesw)= > x(w) p(h(wy(p™))w
€Ly /\/1+pp
= Y x(w) e(yep uT)h(w))w
wezy I/ Ty
= > ey T uT)w,
u€Zy [\/1+pLy

where we used

and p(h(u))w = x(u)w.
Now
Ny /N~ p''2,/p'2, ~TF,.
The zero class gives the identity operator. The nonzero classes split into the
two square classes: the elements

Su™?  (mod p), u € Ly [\/1+ pZy, d e {1, A},
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run exactly once through Fy. Hence, with Haar measure on N,_1 normalized
by vol(N;) = 1, the preceding two sums together with the identity term give
(I +Teq1 + 7Z,>\)w = / p(n)wdn.

Nyq
The last integral is a nonzero scalar multiple of the averaging projection onto
the trivial NV,_q-isotypic subspace. Since

Homg, (1,p)=0
by hypothesis, the integral is zero. Therefore
(I +Te1 + 72,)\)11] = 0.
O

Corollary 4.11 (For the inducing types). (i) Let (p, W) be a strongly
cuspidal representation of K with ¢(p) = £ and d(p) = 0. Then every
w E Wf(] is fized by Ny and

Homg, (1,p) =0.

Thus every such w satisfies the hypotheses of Lemma 4.10.
(ii) Let (p, W) be a strongly cuspidal representation of K1 with c(p) = £+1
and defect 1. Then

Homg, (1, p) = 0.

Consequently, every ¢ € W)? that is fived by Ny,1 satisfies
Lemma 4.10 with £+ 1 in place of L.

Proof. For (i), the inclusion Ny, C .J ? shows that every vector of W is N -fixed.
Strong cuspidality gives Homy, (1, p) = 0, and conjugation by w(1) € K°
carries Ny_q onto Ny_q.

Here and below we use the equivalence between the absence of invariant
vectors and the absence of invariant linear forms. It follows from complete
reducibility for finite-dimensional representations of compact groups and
reconciles this notation with the definition of strong cuspidality above.

For (ii), strong cuspidality gives Homp, ,(1,p) = 0. Conjugation by
w(p~!) € K! carries Ny_5 onto Ny, and hence Homg (1, p) = 0. Together

with the assumed N, -fixedness of ¢, these are precisely the two hypotheses
of Lemma 4.10 with £+ 1 in place of /. O

Corollary 4.11 records the filtration facts needed for the types and vectors
in Proposition 4.13; it will be used again in the Hecke-action calculation of
Proposition 4.14.

We next give the uniform formula for the vectors in the compactly induced
representation, exactly so that the cocycle verification is performed only once.

Lemma 4.12. Let K = K" or K, let (p, W) be a genuine representation of
K, and put

T = C—Ind% p.
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For w € W define

fu((g,€)) = {

Then f, € .

c(k, h(p™)) ep((k,1))w, g=kh(p™), keK,
0, g & Kh(p™).

Proof. We_have to prove the defining left Iz—equivariance. Namely, for
(k1,€1) € K and (g,¢€) € G we want

fu((k1,e1)(g,€)) = p((k1, 1)) fu((g, €)).-
If g ¢ Kh(p™), then also ki1g ¢ Kh(p™), and both sides are zero. Assume
therefore that
g =kh(p™), ke k.
Recall the cocycle identity
c(g1, 92)c(9192, 93) = c(g1, 9293)c(g2, 93)-
On the one hand,

(k1, €1)(g,€) = (k1kh(p™), exec(k, g)),
so, by the definition of f,,
fu((k1,e1)(g,€)) = eerc(kr, g)e(kik, h(p™)p((k1k, 1))w.
On the other hand,
p(k1, €1)) fu((g, €)) = eerc(k, h(p™))p((k1,1))p((k, 1))w
= eerc(k, h(p™))e(ky, k)p((k1k, 1))w.
Thus it remains to prove
c(k1, g)e(krk, h(p™)) = c(k, h(p™))c(k1, k).
Since g = kh(p™), this is
clhr, kh(p™))c(kik, h(p™) = e(k, h(p™))e(kr, k).
Taking g1 = k1, g2 = k, g3 = h(p™) in the cocycle identity gives exactly
c(kr, k)e(kik, h(p™)) = c(k1, kh(p™))c(k, h(p™)).
Because all cocycle values are in {£1}, this is equivalent to the required

equality. Hence f,, satisfies the compact-induction transformation law and
therefore belongs to 7. O

In the following proposition, the linear representations under consideration
are obtained from an unramified or ramified very cuspidal datum 7, as
described above. In the ramified cases, ¢, is a vector in the indicated induced
representation of K9 or K'. Case (iii) uses the passage from an Iwahori
constituent to a strongly cuspidal K !-type described in [16, Lemma 5.5(2)].
Case (iv) is a separate construction: we first induce from I to K° and then
conjugate by « to obtain a representation of K.

Proposition 4.13. Let ~

T = C—Ind% 0,
where K = K in case (i) and K = K1 in cases (ii)-(iv). The vectors obtained
from a strongly cuspidal type are described as follows.
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(i) Unramified, { even. Write m = £/2. Let (p, W) be an irreducible
strongly cuspidal representation of K°, arising from an unramified
datum of level £, so that c(p) =€ and d(p) = 0. Let w € W,%, and let
p be the genuine lift of p with respect to s°. Then

fw € T2

(i) Unramified, ¢ odd. Write m = (¢ — 1)/2. Starting with an irre-
ducible strongly cuspidal representation (p, W) of K arising from an
unramified datum of level £, so that c¢(p) = £ and d(p) = 0, put

) = ptaka, = (b ),

view p* as a representation of K', and let p be its genuine lift with
respect to s*. The conjugated type again has conductor £ and defect 0.
For the corresponding w € W,% one has

~K
fw € ™ 2t

(iii)) Ramified, { even. Write m = £/2. Let (o,W) be the Iwahori
constituent arising from a ramified datum of level £ and put

p= Indf(1 o.

Then p is irreducible and strongly cuspidal, with c¢(p) = £+ 1 and
d(p) =1, by [16, Lemma 5.5(2)]. For w € W% define ¢, € p by

bu(k) = {g(k)w’ Z ; ?

Then ¢y, is fized by Ny and Noy1 and p(h(u))dw = ne(u)dw. Let p be
the genuine lift of p with respect to s*. Then

~Koy
f¢w € 7-(77 +1.

(iv) Ramified, ¢ odd. Write m = (¢ —1)/2. Let (o,W) be the corre-
sponding conjugated Twahori constituent arising from a ramified datum
of level £ and put

p= IndfO o.
Take w € W,%, define ¢y, as in (iii), and pass to the a-conjugate
representation p* on K. By Lemma 4.9, p® is irreducible and strongly
cuspidal, with

c(p®) =L+1, d(p®) = 1.

Let p be the genuine lift of p® with respect to s*. Then

~Kop
f¢w € 7Tn2+1.

Corollary 4.11 applies to every w € W,% in the unramified cases. In the even
ramified case, the displayed Noi1-fizedness of ¢y, together with part (ii) of
that corollary, supplies the filtration hypotheses needed below. In the odd
ramified case the assertion c(p®) =€+ 1, d(p®) = 1 establishes the required
maximal-compact type. The vector-level averaging needed for the later linear

Hecke calculation follows directly from its I-supported induced model and
is verified in Proposition 4.14. Since c¢(n) < 1, Theorem 5.11 of [16] gives
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cy(m) =20 in (i)-(it) and cy(7) = 20+ 1 in (iii)-(w); Corollary 5.12 loc. cit.
identifies the nonzero vectors constructed above as newvectors.

Proof. We treat the four cases separately. The right action on the compact

induction is

[7(90).f1(9) = f(990)-
For K, = Ky(p") it is enough to examine the action of the upper unipotents
z(a) with a € Zj, of the diagonal elements h(u) with u € Z), and of the
lower unipotents y(t) with ¢t € p"Z,.

I. The unramified cases. Let g = kh(p™) with k in the relevant maximal
compact subgroup.

(1) Upper unipotents. For a € Z, we have
h(p™)z(a) = z(p*"a)h(p™),
and therefore
[7((2(a), 1)) ful((g,€)) = fu((g, €)(z(a), 1))
= fu((kz(@*™a)h(p™), ec(g, (a))))
= c(kz(p*™a), h(p™)) ec(g, (@) p((kx(p*™a), 1) Jw.

We now distinguish the parity of ¢.
If £ is even, then 2m = ¢ and z(p*™a) = x(p’a) € Ny. Since w is Ny-fixed,

A(kx(p*"a), 1))w = p((k, 1))w

For the chosen splitting over K, the cocycle factor c(k, z(p*™a)) is 1, so this
may also be written in the uniform form

A((ka(p?™a), 1))w = e(b, (™)) (K, 1))w
If £ is odd, then 2m = £ — 1. Put 2’ = z(p'~'a). Since
ar'a™t = z(p'a) € Ny,
we have p®(2/)w = w. Moreover s'(z') = 1, and the splitting identity gives
(k') = 51 ()5 (@) ek, ) = 5! (B)ek, o).

Consequently
Fl(ka', 1))w = 5" (ka!)o® (ka' Jw

(
— s (R)e(k, )™ (k)
— (k) (k, 1))
Thus in both parity cases
p(kz(p*™a), ))w = e(k, 2(p*™a))p((k, 1))w
It remains to prove

(ke (p™a), h(p™)e(kh(p™), 2(a)) = c(k, h(p™))e(k, 2(p*™a)).

Set o' = x(p*™a). Since 2’h(p™) = h(p™)x(a), the cocycle identity gives

c(k,a")e(ka’, h(p™)) = c(k, z'h(p™))c(@’, h(p™))
and

c(k, h(p™))e(kh(p™), 2(a)) = c(k, h(p™)z(a))c(h(p™), x(a)).
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The middle arguments are equal because z'h(p™) = h(p™)x(a). A direct
evaluation of the cocycle gives

c(@’, h(p™)) = c(h(p™), x(a)) = 1.

Hence the required equality follows, and therefore

7((x(a), 1) fw = fu-
(2) Diagonal units. Let u € Z). Since h(p™) commutes with h(u),

[7((7(w), 1)) ful((g5€)) = fu((Bh(u)h(p™), ec(g, h(u))))

= c(kh(u), h(p™)) ec(g, h(u))p((kh(u), 1))w.

For ¢ even, the U-weight condition gives directly
p((kh(u), 1)w = n(u)c(k, h(w))p((k, 1))w

For ¢ odd we use the K!-splitting and w € Wg(;):
P

p(kh(u), 1)w = s' (kh(w))p® (kh(u))w

Here we used s'(h(u)) = (3) and %)2
We now compare the cocycles. From he cocycle identity,

c(k, h(u))e(kh(u), h(p™)) = c(k, h(w)h(p™))c(h(u), h(p™))
and
c(k, h(p™))e(kh(p™), h(u)) = c(k, h(p™)h(u))c(h(p™), h(w)).
Since h(u)h(p™) = h(p™)h(u), the first factors on the right are the same,
and a direct calculation gives

c(h(u), h(p™)) = c(h(p™), h(w)).
It follows that
c(kh(u), h(p™))e(kh(p™), h(u)) = c(k, h(u))c(k, h(p™)).
Substituting this in the preceding expression and using c(k, h(u))? = 1 yields
T((h(u), 1)) fuw = n(u) fu-

(3) Lower unipotents. Let t € p**Z,. Since

h(p™)y(t) = y(p~*"Oh(P™),
we obtain
[F((y(t), D) ful((9,0) = fu((ky(p~>"Dh(p™), eclg, (1))

= c(ky(p~>"t), h(p™)) eclg, y(£))p((ky(p~*"t), 1))w.
If 2 is even, then 2m = ¢ and

y(p~>"t) € Ny,
so it fixes w. If £ is odd, then 2m = ¢ — 1 and
y(p~?™t) € Ny
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Moreover

ay(p~?Mt)at = y(p~*" ) € Ny,
so it fixes w in the conjugated representation, and s!(y(p~2™t)) = 1. There-
fore in both cases

A(ky(p~2™t), D)w = ek, y(p~ ")) p((k, 1))w.
Exactly as above, the cocycle identity reduces the desired equality to
c(y(p~>™t), h(p™))e(h(P™), y(1)) = 1.

We check this explicitly. If £ = 0, both cocycle values are 1. For a € Q; and
r € Q, we have

(5 2 ) =eloton (5 ) = {lo O 2ombten

For t # 0, apply this with a = p™ and with z = p~2"¢ and x = t, respectively.
The two values of ax are p~™t and p™t, whose valuations differ by 2m and
hence have the same parity. If 2 { ord,(p~"t), both cocycles equal (p™,p™™)p,
so their product is 1. If 2 | ord,(p~"™t), their product is

(™ p 2" ) (P™ )y = (P 1) = 1,
™ is a square. Thus
c(y(p™"1), h(p™))e(h(p™), y () = 1,

since p—2

and consequently
T((y(t), 1)) fw = fu-
This proves (i) and (ii).
II. The ramified cases. We first verify the invariance properties of ¢,
used in the calculation. If n = z(a) € Ny, then, for k € I,

[p(n)¢uw(k) = ¢uw(kn) = o(k)o(n)w = o(k)w = du(k),
and if k ¢ I, then also kn ¢ I, so both sides are zero. Hence ¢,, is N,-fixed.
The same argument with lower unipotents shows that ¢,, is Nyyi-fixed. The
diagonal action is
p(h(uw))dw = ne(w) duw,
where in the ramified normalization
U
) =) (2.
Again let g = kh(p™).
(1) Upper unipotents. For a € Z, the matrix identity is the same:
h(p™)z(a) = x(p* a)h(p™).

Thus
[T ((2(a), 1)) fs,)((g,€) = c(ka(p*™a), h(p™)) ec(g, x(a))

- p((kz(p*™a), 1)) .
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If £ is even, then 2m = £ and z(p*"a) € Ny, so p(x(p*™a))dy = ¢w. Since
s (z(p*Ma)) = 1,
p(kz(p*™a), 1) ¢w = s* (kx(p*™a)) p(kz(p*™ a)) pu
= s'(k)c(k, 2(p*"a)) p(k)duw
= c(k, 2 (p*"a))p((k, 1)) b
If 7 is odd, then 2m = £ — 1 and we use the conjugated representation. Since

2m —1

ax(p*™a)a™t = z(pla) € N,

and ¢,, is Ny-fixed, the same calculation gives
p(kz(p*™a), 1)) dw = c(k, z(p*™a))p((k, 1)) du-

The remaining cocycle computation is exactly the one already written in Part
I(1), and therefore

T(x(a), 1)) fou, = fou-

(2) Diagonal units. For u € Z,
A((kh(u), 1)) dw = s' (kh(u))p(kh(u))éw

s'(k)s' (h(u))c(k, h(u))p(k)ne(u) dw

= n(u)e(k, h(w))p((k, 1)) duw,
since s'(h(u)) = (3) and ne(u) = n(u)(3). The cocycle calculation is the
same as Part 1(2), so the required diagonal transformation by n(u) follows.
(3) Lower unipotents. Now let t € p***17Z,. Again

h(p™)y(t) = y(p~ " )h(p™).
If ¢ is even, then 2m = ¢ and
y(p~?™t) € Ny,

which fixes ¢,,. If £ is odd, then 2m = /¢ — 1 and

y(p~?™t) € Niyo,

while

ay(p M t)a”t = y(p ") € Noy,
which also fixes ¢,,. Since the splitting is 1 on these lower unipotents, in
both cases

P((ky(p~2"1),1))bw = c(k, y(p~>"))p((, 1)) b
The rest of the calculation is identical to Part 1(3): the same two uses of the
cocycle identity reduce the equality to

c(y(p~2"), h(p™)e(h(p™), y(t)) = 1,
and the same Hilbert-symbol calculation proves it. Hence

T((y(), 1)) fo = fou-

This proves (iii) and (iv), and hence the proposition. O
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We now transfer the action of the highest nontrivial Hecke operators at
the chosen newvector level to the preceding linear lemma. Thus, in the
unramified case we work in the Hecke algebra at level Ky, and use Voy_1 5;
in the ramified case we work at level Ko,y; and use Vo 5.

Proposition 4.14 (Metaplectic-to-linear Hecke reduction). Let § € {1, \}.
We wuse the notation T,.s from Lemma 4.10, with the linear U-character
specified in each case below.

(i) In the unramified cases of Proposition 4.13,
Vov-1,6fw = f1i 50-
Consequently
Voro1fw = (I +Var—11 + Var—1,2) fuw = 0.
(ii) In both ramified cases,

Vots o = FTosr 50w
Consequently

Vorfow = (I +Vara +Var) fo, = 0.

Proof. We compute the Hecke action at the distinguished point g = h(p™)

and then use K-equivariance. The right-coset decomposition used in the
Hecke algebra gives

Vsl 1) = > 0@ f((g: D(h(w), 1)(y(p"). 1)),
u€Zy [/ 1+pLp
because the left biequivariance factor is n((h(u),1)) = n(u=1) = n(u). Here

we use that 7 is unitary (and, in the present paper, quadratic). Here r = 20—1
in the unramified case and r = 2¢ in the ramified case.

I. Unramified case, ¢ even. Here m = ¢/2 and r = 2¢ — 1. Since

h(p™ ) h(u)y(6p* ) = h(u)y(6p A (p™),
with h(u)y(dp'~') € K, the only point to check is that the central sign
obtained by multiplying the three lifts is exactly cancelled by the cocycle
c(h(w)y(dp'=1), h(p™)) appearing in the definition of f,. Equivalently we
must prove

c(h(p™), h(w)y(6p* 1)) e(h(w)y(5p "), h(p™)) = 1.

Put ¢ = 0p?~! and ¢’ = p~2™t = §p’~!. Since h(p™)h(u) = h(u)h(p™) and
h(p™)y(t) = y(t')h(p™), the cocycle identity gives

m c(h(p™), h(u))e(h(p™)h(u),y(t))
c(h(u), h(p™)y(t))e(h(p™), y(t))
c(h(u),y(t)) ’
) m c(h(u), y(t")h(p™))c(y(t"), h(p™))
c(h(u), h(p™)y(t))c(y('), h(»™))

c(h(u),y(t'))
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Here we used c¢(h(p™), h(u)) = c(h(u), h(p™)). The diagonal-lower-unipotent
formula is

a 0 B a 0 ) (a,ah),, 2tordp(ax),
<(0 a1>,y<x>) —c<’y(ﬂs), <O a1)> - {(a,x)p’ s o
Since t/t' = p*™ is a square, it gives c(h(u),y(t)) = c(h(u),y(t')) and

c(h(p™), y(£)) = c(y(t'), h(p™)). Therefore
c(h(p™), h(w)y(t))e(h(w)y(t'), h(p™)) = 1.
Thus the metaplectic factor is 1, and therefore
DMoe-1sful (RP™), 1)) = > n(w)a((h(w)y(6p™),1)w
wez |/ ToE;
= Y nph(wy@pT)w
wez /T

= Jysw.

II. Unramified case, ¢ odd. Now m = (£ —1)/2 and again r = 20 — 1. We
have

h(p™)h(uw)y(5p* 1) = h(u)y(op)h(p™).
The same cocycle calculation as above, with t = ép*~1 and t' = §p?, shows
that the total central factor is 1. Since

ah(u)y(p°)a = h(u)y(6p*),
we get
Vor1sful(RE™), 1)) = D nw)s' (h(u)y(5p"))
N
- p* (h(w)y(3p°))w
s )
N
- p(h(w)y(3p")w
=Ty sw.
Here the second equality uses exactly the splitting relation
st (h(u)y(t)) = s' (h(w))s' (y(t))e(h(u), y(t)),
with s!(y(t)) = 1 and s'(h(u)) = (3), together with w € WnUé

ITI. Ramified case, ¢ even. Here m = ¢/2 and the highest operator in the
level-2¢ + 1 Hecke algebra is V5. We have

h(p™ ) h(u)y(6p*) = h(u)y(5p")h(p™).
The metaplectic sign is

c(h(p™), b(w)y(5p*)) c(h(w)y(5p°), h(p™)),
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and the same cocycle calculation as in Case I, now with t = dp?¢ and ¢’ = §p*,
shows that this product is 1. Therefore

DMaesfoJ(RP™), 1)) = > n@)p(h(w)y(p*), 1)) ¢w
uezy /Ty

= X (2) stntwmere,
weZy /Ty
= > () p(h(w)y(6p"))du
N
= 72+1,6¢w-
This is precisely the linear calculation of Lemma 4.10 with ¢ replaced by
C+ 1.
IV. Ramified case, ¢ odd. Now m = (£ — 1)/2 and again r = 2¢. Thus

h(p™)h(u)y(5p*) = h(u)y(op™)h(p™).
The K'-type is the a-conjugate one, and
ah(u)y(6p™)a™t = h(u)y(6p").
The same cocycle calculation applies with ¢ = 6p?¢ and t' = 6p‘t!; the extra
s'-factor is cancelled by the splitting relation, exactly as in the odd unramified

calculation. Hence
U

Vasfod M) = 30 atw) () plbun(@n o
UEZy /A/1+pZLyp
= Y m(w) p(h(w)y(3p)) du
w€ZY |/ 1+ply
= 72+1,6¢w-
For an arbitrary point kh(p™) in the support, both sides of each asserted
identity are obtained from their value at h(p™) by the same K-equivariance,
and both vanish off the corresponding support. Thus the equalities hold as

functions.
Finally, Lemma 4.10 gives in the unramified case

(I+ Vo101 +Vor—1p) fu = fus+Te,+7o 0w = 0.

It remains to justify the vanishing in the odd ramified case. Here the
entire induced KC-representation need not have zero N-fixed space, so such
vanishing does not hold in general. Nevertheless, the averaging projection kills
the particular vector ¢,,. Indeed, ¢, is again N -fixed, because Ny C Iy
and o is trivial on I,. Moreover, ¢,, is supported on I, and for k € I,

[ looul 0y dn = o) [ atwuwdn=o.

Ny Ny

where the last equality follows from Homﬁé(l, o) =0, as proved above using
[13, Remark 3.3.2]; outside I the integral is also zero. Thus the same averaging
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calculation gives

(L + Ve + Vo) fou = F14Ti00+Tis1 )60 = 0-
This proves the remaining odd ramified case. U

The packet descriptions used in the next proposition are those of [16, §5.1];
the relevant minimal fixed-space dimensions are given in [13, Propositions
3.3.4, 3.3.6, 3.3.8|.

Let

A0
a) = <O 1) S GLQ(ZP).

Conjugation by ay normalizes the relevant determinant-one compact sub-
groups, fixes every h(u), and sends

y(t) — y(A~'t).

Hence it preserves each U-weight space W,% and interchanges the two square
classes in the linear operators of Lemma 4.10.

Consider the operator Ay = 7(ay), where 7 is the very cuspidal represen-
tation introduced above. Then on the relevant U-weight spaces

AT A = To,s AT A = Toa.

In the cases where the restriction of the very cuspidal type splits into two
constituents, the same nonsquare-determinant conjugation exchanges those
two constituents; see [13, §3.3]. In the ramified cases, put K = K° or K1,
as appropriate. If A\W; = W, the corresponding map between the induced
representations is defined by

Ay : Ind¥ o; — Ind¥ 0j, (A\®) (k) = A\®(ay 'kay).

This is well defined because ay normalizes I and K, and A)\O'Z'(CLXIZ'(IA) =
o;(i)Ay for i € I. The definition of ¢,, therefore gives

Arbw = da,w-
On the induced spaces, the conjugation identities above are understood with
A » in place of Ay. This is also compatible with the subsequent a-conjugation
in the odd ramified case, since a) commutes with «.
No lift of ay to the metaplectic group is needed below: Proposition 4.14
transfers the resulting linear identities to the metaplectic newvectors.

Proposition 4.15. Let 1, be as above.

(i) Suppose that the supercuspidal L-packet is unramified of cardinality
two. Then dim W[i = 2. Choose common Hecke eigenvectors wy, ws
spanning this space. The operator Whyp_1 has distinct eigenvalues on
fw, and fy,, namely

Vor oand  —\/p*

i some order.

(ii) Suppose that the supercuspidal L-packet is the exceptional unramified
packet of cardinality four. Then £ = 1 and the relevant restriction
splits as o1 @B oo. If 0 # w; € (Wl)%Z and f, denotes the corresponding
newvector for the packet member attached to o;, then Wy acts on these

two newvectors by opposite eigenvalues +/p* and —+/p*.
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(111) Suppose that the supercuspidal L-packet is ramified. Write the re-
striction of the very cuspidal type to the Iwahori subgroup of SLo as

o1®og. If 0 # w; € (Wl)gg and fgs,. is the corresponding newvector

for the packet member attached to o;, then Wa acts on fg,, and fg,,
by opposite eigenvalues /p* and —+/p*.
Proof. Put
Dy ="Ti1—Tin-
In (i), Proposition 4.14 gives

War 1 fw = fDyw
for every w € Wrg Suppose that Wyy_1 had the same eigenvalue ¢ on the

two newvectors fu,,, fu,. Since wi, ws form a basis of the two-dimensional

space W,% and the map w — f,, is injective, Proposition 4.14 implies
Dy=cl

on W% . On the other hand, the linear conjugation above gives

A/\DgA)_\l =—D,.

Because A) preserves W% , conjugating the scalar identity Dy, = ¢l yields
cl = —cl, and hence ¢ = 0. Thus Dy =0 on Wg Applying Proposition 4.14
once more gives
War—1 =10

on the metaplectic newspace, contradicting the terminal relation

W22271 =p'l.
Therefore the two eigenvalues are distinct, and the same terminal relation
shows that they are \/p* and —y/p*.

For (ii), the two one-dimensional U-weight spaces lie in the two constituents
exchanged by ay. The linear conjugation interchanges 71,1 and 77 ), and
therefore sends

Dy ="Ti1—"Tix
to —D;. Hence the D;i-eigenvalues on the two U-weight lines are opposite.
Proposition 4.14 transfers these to opposite Wi-eigenvalues on the corre-
sponding metaplectic newvectors. Since W7 = p*I, those eigenvalues are /p*
and —+/p*.

The ramified case (iii) is identical, with
Doi1 = Ter110 — Te1 1

The nonsquare-determinant conjugation exchanges the two linear constituents
and sends Dy1q to —Dy1q1. By Proposition 4.14, their eigenvalues transfer to
opposite eigenvalues of Wy on fg,, and fs, . Finally

W22£ = p*I
gives the two values /p* and —+/p*. O
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5. RELATION WITH UEDA’S TWISTING OPERATOR

We finish by explaining how the operator W,,_1 of this paper is related to
the twisting operators in Ueda’s classical theory and to the operator R, in
Ishimoto’s Kohnen—Ueda local newforms [17]. This comparison is not used
in the proofs above. It is included to clarify the expected global role of the
operators from our Hecke subalgebra.

Throughout this section, let m > 2, and let n be the genuine extension
to K, of a character 1y which is either trivial or (5), as in Section 2. In
particular, ¢(ny) < 1. We retain the notation V;7Km (m) for the fixed-type
space defined in Section 2.

Ueda’s operator twists Fourier coefficients, while Ishimoto’s R, is a local
unipotent average. Under the present hypotheses, Ishimoto’s operator pre-
serves the (K,,,n)-fixed space. Our operator W, is defined by a Hecke
function supported in K. We relate the restriction of Ishimoto’s operator
to the action of W,,_1, up to an explicit scalar, by a lifted GLa-conjugation.
The conjugated character is denoted by 7/ below; it equals 1 when m is
even and is the other quadratic type when m is odd.

5.1. Ueda’s operator and Ishimoto’s local operator. We recall Ueda’s
classical twisting operator in the special case needed here. If

Fz) =3 alm)emin:
n>0

is a half-integral weight modular form and ¢ is a Dirichlet character, Ueda

defines '
fIRs(2) =Y d(n)a(n)e*™;
n>0
see |7, Section 0(c)| and [8]. For the quadratic character ¢ = (=), this gives

LCEDY <Z> a(n)e2mine, ,,

where (3) = 0 when p | n.

Equivalently, if
_ a 2mia/p
Ty = —le
-2 (5)

acFy
is the usual quadratic Gauss sum, then
1 a a
== % (4)r(=+2).
p aeF;‘, p p
Indeed, the coefficient of e2™"# on the right is
1 .
L5 (&) emesram = (%) ato),
» a€ckF} p p
with value 0 when p | n.

For an irreducible genuine smooth representation (my,, V') of CNJUO, Ishi-
moto’s operator R, is the corresponding local unipotent average. Let ¢ be
the isomorphism between the two cocycle models defined in Section 2, and
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put m = 7, o¢. Since s,(x(t)) = 1, we have ¢((z(t),1)) = (x(¢),1). Moreover,
¢ carries the canonical splitting of K, in our model to the compact splitting
used by Ishimoto. Thus the corresponding (K, n)-type spaces agree, and
Ishimoto’s integral has the same formula in the c-model used in this paper.
We take the standard normalization vol(Z,) = 1. Then, in the notation of
[17], after specializing to F' = Q, and w = p, it is

RTy = /Z (“) r((p~"u), 1)) du;

p

we are using the notation R} for Ry to distinguish it from Ueda’s classical
operator I,. In Ishimoto’s formulation, this operator acts on the increasing
union U, > () VWKT (), but need not preserve each individual level. More
precisely, [17, Proposition 3.7(b)]| gives

Rp(VE(m) SV (m), v’ = max{2,c(no) + 1,7}

Under our assumptions ¢(np) < 1 and m > 2, taking r = m gives ' = m.
Thus R7 preserves VnKm (m), and the comparison below uses its restriction to
this space.

For u € Z,, write u = a + pb with a € {1,...,p — 1} and b € Z,. Then
z(p~tu) = x(a/p)z(b). Since (z(b), 1) acts trivially on VnKm (m) and () = (3),
the integrand is constant on each such residue class, which has measure p—!.
Hence 1

Rpo=1 Y (&) wttata/o) ) ©
p a€ckFy p

We give a direct adelic-to-classical comparison, following [2, §4]. Assume
that f belongs to a classical space of weight k£ + 1/2 whose adelization ®
has right (K,,n)-type at p. Equivalently, the p-component of its adelic
nebentypus induces the genuine character n on K,,. Let p, denote right
translation at p, and define Rg” by the same local integral as R} above.
Choose Jos € SLa(R) with §oo(i) = 2, and put A, = z(—a/p) € SLy(Q)
fora=1,...,p— 1. Writing sg for the canonical rational embedding, left
automorphy and (6) give

-1
~ 1% a ~
(1)) = 2 3 (2) @ @(ota/p), 1)
a=1
p—1
1 a ~
=23 (&) @ (solAnnlato/n). 1),
a=
The three factors in the last expression are embedded diagonally, at the real
place, and at the p-place, respectively. The p-component is the identity; at
every other finite place the component is integral upper unipotent and acts
trivially. The real component is (Ag, 1)gc0, sending i to z —a/p. Since (A4, 1)
has automorphy factor 1, the classical realization is

(B 0,)(3) TG = 15 () f(z - p) — g7 (fIR)(2)

i \p
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where J is the half-integral-weight automorphy factor of |2, §4|, and

p—1
_ a 9 _ 1 —
7= (8) e =y

a=1 p

Thus, after division by the scalar g, = pilTpf , Ishimoto’s local operator

becomes Ueda’s classical twisting operator. If one uses the opposite translation
convention, z — a/p is replaced by z + a/p and 7, by 7p.

On Whittaker coefficients, the normalized integral multiplies the coefficient
indexed by a p-adic unit by the Legendre symbol and kills the coefficients
whose index is divisible by p.

5.2. The lifted GLs-conjugation. Put

0 1
I = (—pm 0) € GL2(Qp).
A direct calculation gives
InKmdypt = Ky, Jpa(t) !t = y(—p™t),

m
and
Ty I =a(—p™™),  Jph(u)J,t = h(u™h).

We now explain the lift of this conjugation to the double cover used in this
paper.

Using the notation 7(A) from Section 2 for A € GL2(Q)), and following
Kubota and Kazhdan—Patterson [18, 19|, consider the metaplectic double
cover

GLy(Qp) = GLa(Qy) % 112
defined by the 2-cocycle

B T(AB) 7(AB)
o(A,B) = < “(A) (B detA)p

Its restriction to G = SL2(Q)) is the cocycle o of Section 2. The inverse

image of GG in this cover is therefore G, which we identify with our c-model
by the i~s0morphism ¢ defined there.
Let Jy = (Jm, 1) € GL2(Q)) and put
am(g) = ngjgl-
Since SL2(Q,) is normal in GL2(Q)), conjugation by Jon preserves the inverse
image of SLy(Q,). We therefore obtain an automorphism of our cover by
Om=1t1o Adfm oL : C~¥C — éc.

We record explicitly the action of ©,,, for use in the proof of the following
lemma. In the o-model,

Ady (g,€) = (am(9), erm(9)),
where
rm(9) = 0 (s 9)0 (Jmg, I )0 (Jrns ).
Since 7(J,) = —p™ and 7(J;,;}) = 1, one has

o(Jm, It) = (=p ", p™)p = 1.
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Applying ¢~ yields
Om((9:€)) = (m(9), erm(9));
with
ki (9) = 5p(9)sp(m(9))rm(9) = 5p(9)5p(n(9))0 (Jin, 9)0 (T, I).
Lemma 5.1. Fort € Qp, u € Qy, and € € {£1},
Om((z(t),€)) = (y(=p"1), €),
Om((y(t), €)) = (x(=p~™1),€),

O ((h(u),€)) = (h(u™"), e(u,p™)p).
In particular, for u € Zy,
(™ =)y = ()

Proof. For the upper unipotent subgroup, direct substitution in the GLg
cocycle gives

and

o(Jm,x(t)) = 1.
For t # 0,
o(Jmz(t), Jnh) = (t, —p*™t), = (t, —1)p = 1,

and for t = 0 the same value is o(J,,, J,,,}) = 1. Moreover

sp(x(t)) = sp(y(—p™t)) = 1.
Hence ki, (z(t)) = 1. The calculation for the lower unipotent subgroup is
analogous and gives

o (Jm,y(t)) = o (Jmy(t), J;,") = 1,
with trivial s)-factors.
For the torus,

U(va h(u)) = (u7 _1)p>

whereas

o (Jnh(u), J,') = (=p~"™, p" ).
Using (—p~"™,p™), = 1, and bilinearity and symmetry,

(uv _1)p(_p_m7pmu)l7 = (u’ _1)P(_p_mv u)p
= (u’ _1)17(_17 u)p(pm> u)p = (uapm)p'

Since s,(h(u)) = sp(h(u~1)) =1, the torus formula follows. For a unit u and
odd p one has (u,p), = (%), proving the last assertion. O

Recall
n((h(u),€)) = eno(u™),  ueZy,
where 79 is the underlying quadratic character associated with 7, as fixed at
the beginning of this section. Define the conjugated character

7 (k) = (05 (k), k€ Kn.
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By Lemma 5.1, a direct calculation gives
7 ((h(u), €)) = 1(05, (A(w),€)))
= n((h(u™), e(u, p™)p))
= €(u, p")pio(w)-
We therefore define 77()]*” by
™ (u™t) = (u, p™)pio(u),
so that

JTVI/ J— Jm -
7 ((h(w), €)) = eny™ (u™).
Equivalently, replacing u by u~! and using the fact that g is quadratic,

m U "
g™ (w) = no(w) (u, p™)p = 10(w) (p) :
Thus
77Jm o, m even,
’ no(5), m odd;

the parity of m enters the formula for the conjugated character.
Let _
Hon'(n) = H(G/ [ Km,n)
denote the full genuine Hecke algebra. Its subalgebra supported in K is H,y, (1),
in the notation of Section 2. Since J,, K;nJ,,t = K, the automorphism ©,,
preserves K, and induces

Ope : Hon' () = Hin'(n"™), (O f)(9) = F(O,(9)).
For § € {1, A}, Lemma 5.1 gives
Om((x(op™"),1)) = (y(=op™ 1), 1).

We next verify the support condition needed to define the corresponding
Hecke function.

Lemma 5.2 (Support condition). Form > 2 and § € Z;, the double coset
Kon(z(0p™), 1) K,
supports a unique element of HiW(n) whose value at (x(5p~1),1) is 1.

Proof. Put gs = z(sp~ ). If
a b -1

and k' = g(s_lkg(g, then
W (¢— Sp~te b+ dp~a—d) - d%*p3c
c d+dp~le ’
In particular,
d(KYd(k) ™t =14 6pted™t € 1+ pZy.
Since ¢(ng) < 1, this gives no(d(k')) = no(d(k)).
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It remains to check that no central sign is introduced by the chosen lifts.
In the op-model, direct substitution gives

JO(k>g5) = 00(g5>k/> =1
For ¢ # 0, the compact splitting cochain satisfies

sp(K') _ Cd(k/) — (¢ “log—1) —
sp<k>‘<’d<k:>)p (e 1 op™hed ™), =1

because 1+ pZ, C Q;Q for odd p; if ¢ = 0, both splitting factors are 1. Using
c(g,h) = o0(g, h)sp(g)sp(h)sp(gh) and kgs = gsk’, we conclude that

(k’ 1)(95’ 1) = (957 1)(k/’ 1)
in the cocycle realization used in this paper. Thus the two genuine type
characters agree on the intersection. This is precisely the support condition
for the character 7, and it proves existence and uniqueness of the normalized
function. O

We denote this normalized function by
full
XﬁLa €M (1)

and put
_ pn n
Ry, =4, =X .
The superscript records the character n and will be retained in this section.
Then

JIm

emv*(ij) = ng—L—av

where the superscript indicates the conjugated character n”/=. In particular,
the conjugated Hecke element belongs to H,,(n’m).

5.3. The Hecke element underlying R,. We first record the right coset
decomposition that will be used in the comparison.

Lemma 5.3 (Right coset decomposition). Let m > 2 and 6 € Z,. Then
Kpa(dp DK, = | ] h(uw)z(8p~ ) K,
UELY /\/1HpLyp
= |_| z(6u*p ) K.
u€Zy //1+pZp

Here, as in Lemma 2.5, \/1+pZy, = {u € LY : u* € 1 +pZy} = {£1}(1 +
pZy); hence the quotient has (p — 1)/2 elements.

Proof. Put gs = z(6p~!) and write

a b
=t 1) cx

_ a—0p~te b+épta—d)—6*p2c
9s 1k95 = < c d+5p_10 .

Then
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Because m > 2 and ¢ € p™Z,, this belongs to K, if and only if a = d (mod p).
Since ad — bc = 1 and ¢ = 0 (mod p), this is equivalent to a = d = £1
(mod p). Hence
_ -1
[Km Koy QQJng(s 1] = pT

The reduction map

d

is surjective, and the intersection above is precisely the inverse image of {+1}.
Thus the diagonal elements h(u), with u € Z /\/1 + pZ,, give representatives
for the right cosets. Finally,

h(uw)x(t) = z(u’t)h(u),

which gives the second decomposition. On the corresponding canonical lifts,
the cocycle on these products of unit diagonal and upper unipotent elements
is trivial, so the same decomposition holds in the metaplectic cover. O

" a b
Ky — T, (c >|—>a (mod p),

Let (m,V) be a smooth genuine representation and let v € VUK’” (r). On
the canonical lifts we have

(x(0p~ u?), 1) = (A(u), 1)(2(p™"), D) (h(u) 7", 1),
so biequivariance and the normalization X", s((z(6p'),1)) = 1 give

X", s((x(6p~u?),1)) = 1. Thus, with vol(K,,) = 1, the Hecke action defined
in Section 2 and Lemma 5.3 give

Xhgo= Y (@@ ), ).
UEZy /A/1+pZLyp
Since (x(b), 1) fixes v for b € Z,, each summand depends only on du* modulo

p. The values u? run through the nonzero squares modulo p, while Au? runs
through the nonsquares. Subtracting the two sums therefore yields

Ry =3 (%) aiatofn) )

a€Fy
With the additive normalization vol(Z,) = 1 used in (6), comparison with
the preceding formula gives
Km
Rav = pRjv, ve Vv, m(m).
5.4. From R, to W,,_1. Applying ©,, . gives

Im

Jm
®m7*(7€:]n) — Vn _1’_1 - V’ZL—I,—)\'

m

By the square-class dependence noted in Section 2, if (_?1) =1, then

nmo ' nmo o ym?m
Vm—l,—l - Vm—1,17 Vm—l,—)\ - Vm—l)\’
whereas if (‘71) = —1, the two operators are interchanged. Consequently

Oa(R1) = (‘pl) Wi
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Combining this identity with the preceding comparison gives the following
form of the relation with Ishimoto’s operator.

Proposition 5.4 (Hecke algebra comparison with Ishimoto). Let m > 2,
and let n be the genuine extension to Ky, of either the trivial or the nontrivial
quadratic character modulo p. Put
R, = X1 = X" e 1l (n).
Then
-1 nm
Om«(R7},) = " Win-1-
Let (7, V') be a genuine smooth representation of C:'C and define m'm = o0 1.
The identity map on the underlying vector space V identifies
K _ v Em( JIm
Vim () = VEn (n9m).

Under this identification,
-1 m
pR;rU = (p) 7TJm (ng_1> v, v E ‘/UKW (7T)

Proof. The formula for ©,, .(R,) follows from the preceding calculation, and
the equality of the fixed-type spaces follows from the definitions. Since ©,,
preserves K, it preserves the Haar measure normalized by vol(K,,) = 1. A
change of variables in the Hecke action therefore gives

T/ (O F) = n(F),  FeHM@).
Apply this to F' = R}, and use Rjv = pRjv to obtain the asserted formula.
O

For odd m, this compares the actions in the conjugated representation and
conjugated type; no identification with the original (7, n)-space is asserted.
Assume that m is even and set

o 0 —m/2
gm ‘=P /2Jm = <

m/2 Y 0 >€SL2(QP)>

since det(J,,) = p™. Put z = p"™/2, so that J,, = zg,,. In the o-model, direct
computation gives

Z(g,¢€) = (g, €)Z, z=(z1,1), ge€SL(Qp), €€ po.

Thus z centralizes égo. Since J,,, and Z(gm, 1) differ only by an element of
the central kernel, they induce the same conjugation, and hence

Ad = Ad(gm,l) on égo.

—-D

Jm
Now put g, = (gm, 1) € G,. The lower-right entry of gy, is zero, so s,(gm) = 1
and ¢(gm) = (gm,1). Consequently

O, = Adg,, .
In particular, 7/m ~ 7: with A,, = 7(g,), we have

Apr’™ (@) AL = 7(g), g€ Ge
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As n/m =1, the operator A,, preserves V;7Km (7). Proposition 5.4 therefore
gives

(1
pAmeAml = <p) W(WZL—I) on VnKm (’ﬂ')

The factor p~™/2 merely rescales the conjugating matrix; it is not a normal-
ization of either R, or W,_1.
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